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Name
« Sasaki, Tomohiro({ft A K, B7)

e Origin
 Born and raised in Fukui, Japan
e In my free time

« powerlifting
« Bachelor’s Degree

 B.E. in AE from the Tokyo Metropolitan University in Tokyo,
Japan

» Research topic: RF Cathode for Low-power Hall Thruster”
Current interest

* High-performance optimal control

» Stochastic optimal control -> master’s problem

* Motion planning under uncertainty -> dissertation

SSDL Meeting Nov 29th, 2022

Daniel Guggenheim School of Aerospace Engineering

SSDL | Space Systems
Design Laboratory




World Cup Group E table

Team PTS GP W L D GF GA GD
1. Spain 2 2 1 0 1 8 1 +7
- 2. Japan 3 2 1 1 0 2 2 0
= 3. CostaRica 3 2 1 1 0 1 7 -6
= 4. Germany 1 2 0 1 1 2 3 -1
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Motivation (1/3)

« Autonomous motion planning and control
is an active research area for future intelligent robotic
systems

 spacecraft formation flying

« self-driving car

 autonomous underwater vehicle (AUV)
« unmanned aerial vehicle (UAV)
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Motivation (1/3)

« Autonomous motion planning and control
is an active research area for future intelligent robotic
systems

 spacecraft formation flying

« self-driving car

 autonomous underwater vehicle (AUV)
« unmanned aerial vehicle (UAV)

 Although optimal control was born in 1697 and
established in 1956, its capability is not enough as
the application becomes complex
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Motivation (2/3)

 Planning: providing a “good” nominal trajectory to track -> Open-loop

» Control: providing 1) stability, 2) tracking, 3) disturbance rejection,
4) robustness -> Closed-loop

Daniel Guggenheim School of Aerospace Engineering

SSDL | Space Systems
Design Laboratory

/ SSDL Meeting Nov 29th, 2022 7 /Gr



 Planning: providing a “good” nominal trajectory to track -> Open-loop

« Control: providing 1) stability, 2) tracking, 3) disturbance rejection,
4) robustness -> Closed-loop

 General perception, planning, and control (or guidance, navigation, and
control; GNC) flow

(g Lellg 2:]1%) Control Actuators Robot
Perception
(Navigation) Sensors
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« Usually, planning and control algorithms are not identically chosen
* i.e. choose tree search for planning and LQR for control
 planning algorithm may not provide feedback
« control algorithm may not be efficient by itself
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« Usually, planning and control algorithms are not identically chosen
* i.e. choose tree search for planning and LQR for control
 planning algorithm may not provide feedback
« control algorithm may not be efficient by itself

« Ultimately, we want to find the best combination of these algorithms

 Or, we want to develop an algorithm that completes both tasks at the same
time.
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 Developing an algorithm that solves planning and control tasks under
arbitrary constraints at the same time and ultimately provides robustness
to the system even in an uncertain environment
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T
minj %0, + ()1l | ds

u

0
st %) = f(x(®),ur))
x(0) = x,

 Dynamic Programming (Principle of Optimality)
« compositionality rules of optimal paths
* Finds a closed-loop solution
 curse of dimensionality
e Calculus of Variations (Pontryagin Maximum Principle)
 Extrema of functionals (functional derivative = 0)
« Finds an open-loop solution
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Optimal Control (2/2)

~ Optimal Control

Indirect Methods Direct Methods

Derive necessary Solve as a two-

Discrete-time Continuous-time

(Bellman eqgn) (HJB eqgn)
Break the - _ '
large optimization problem Similar to discrete-time

into recursive smaller manner, but solves the
subproblems and partial differential eqution

conditions for optimality ~ Point boundary optimization
for subproblems and solve Problem using numerical

techniques, (i.e.
each subproblem. SQP, SCP, IP, AL, shooting

methods, collocation, etc.)

solve the recursive equation
backward in time

Indirect Methods
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Outline

« Differential Dynamic Programming (DDP)
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Differential Dynamic Programming (DDP)

Consider the finite-horizon discrete-time optimal control problem:

V(X) = min J(X, U) = min [g[)
U U

subject to X, | = f(X, W),

Using dynamic programming

(xy) + Nz_:l (X uk)]

k=0
k=0,..N—1,|f.¢,¢ € C?

Vi(x,) = nlllin [f(xk, u,) + Vk+1(xk+1)] where Vy = ¢(Xy)

k

16
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Differential Dynamic Programming (DDP)

Consider the finite-horizon discrete-time optimal control problem:

N—-1
V(X) = m&n JX,U) = m&n [4; (xy) + Z (X uk)]

k=0
subject to X, | =f(X,w), k=0,...N—1, |f,¢.0 € C?
Using dynamic programming

Vi(x,) = min [£(X, wp) + Vi (X, )| where V) = ¢(xy)
Quadratically approximate V, about the nominal trajectory

N @) T S5X I |5x ! Oxxxu 0X
O(x+ox,u+du) = Ox,u)+ [5“] t3 [(Su] [ xTuQuu] [511]

Oy

Minimize O w.r.t. ou, then
su* = k + Kéx with k= - 0,/0,, K=-04,

uu =ux
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Differential Dynamic Programming (DDP)

Consider the finite-horizon discrete-time optimal control problem:

N—-1
V(X) = m&n JX,U) = m[}n [4; (xy) + 2 (X uk)]

k=0
subject to X, | =f(X,w), k=0,...N—1, |f,¢.0 € C?
Using dynamic programming

Vi(X;) = min [f(xk, u,) + Vk+1(xk+1)] where Vy = ¢p(Xy)
u
Quadratically approximate V, about the nominal trajectory

N @) T S5X I |5x ! QuxPxu 0X
Ox+d6x,u+6éu) ~ Ox,u)+ [511] +5 léu] [ xTuQuu] léu]

Oy

Minimize O w.r.t. ou, then
su* = k + Kéx with k= - 0,/0,, K=-04,

uu =ux

Using u + ou®, propagate trajectory forward in time
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Initialize

e Trajectories {X,U}
e Parameters V1, V2,7

\ 4
Backward Pass \

e Compute quadratic approximation
of nominal trajectories

e Compute gradients of action-
value function

Design Laboratory

Q:ca Qua Qa:a:a Qmua Quu :
e Compute and store coefficients

k, K

X, U

{ -‘ ' W) e No Yes

A ;
\ Quadratically Approximated / Converged ) End
Trajectory
_ ) SSDL | S;)ace Systems o 19

SSDL Meeting Nov 29th, 2022



Jo S Srw few Juw 3L (3, 80)

}

O ) = £, wy) + Vi (Xp41)

}

Q. =0 +fiVy
Qu=Cu+fuVy
Our = Crx + o Vir S + Vi - frx
Ovu = Cru + 2 Virhu + Vi e
Ouu = Cuu +Ja VarSu + Vi fuu

ou*=k+ Kéx
with k=-0.10,
K=- Qu_ulqu

Initialize

e Trajectories {X,U}
e Parameters V1, V2,7

Backward Pass O\

e Compute quadratic approximation
of nominal trajectories

e Compute gradients of action-
value function

QZU? QU? Qil?il?? QiB’LL? Q’LL’LL

e Compute and store coefficients
k, K
{X,U0}

{dz, du}

-

-

\ Quadratically Approximated /
’ Trajectory
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Converged?

Yes

= End
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Jo S Srw few Juw 3L (3, 80)

}

O ) = £, wy) + Vi (Xp41)

}

Q. =0 +fiVy
Qu=Cu+fuVy
Our = Crx + o Vir S + Vi - frx
Ovu = Cru + 2 Virhu + Vi e
Ouu = Cuu +Ja VarSu + Vi fuu

ou*=k+ Kéx
with k =- 010,
K=- Qu_ulqu

new __
Xo =X

0

u]?ew = uk + Y kk + Kk(x]?ew - xk)
XISy = O W)

Initialize Feed-forward gain k = — u_ulQu

' - Feedback gain K=-07!
e Trajectories {X,U} g ue Qux
e Parameters V1, V2,7

________________ .

Backward Pass \

e Compute quadratic approximation
of nominal trajectories

e Compute gradients of action-
value function

QZU? QU? Qil?il?? QiB’LL? Q’LL’LL

e Compute and store coefficients
k, K
{X,U0}

{00, 00} _— No Yes

-

- ?
\ Quadratically Approximated /4_ Converged” = End

Trajectory
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« CDDP can deal with state and control constraints using the primal-dual
interior point method (feasible and infeasible)

« Optimality of control is satisfied by the perturbed KKT system
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« CDDP can deal with state and control constraints using the primal-dual

interior point method (feasible and infeasible)

« Optimality of control is satisfied by the perturbed KKT system

V.L(x,u,A,s) =

V,Lx,u,A,s) =

V.L(x,u,A,s) =
diag(A)c(x,u) +pu =0
cx,u) <0, A>0
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CDDP

Consider the finite-horizon discrete-time optimal control problem:

N-1
min J(X, U) = min Xy) + Z(x,,u
in (X, U) U[qb(N) ;) (kk)]
subject to X, ; = f(X;, up)

1 H . C(Xk’uk)SO7 k:(),”'aN_la faC,faCbECZ
Using dynamic programming

Vi(x) = min [f (X ) + Vi (Xk_H)]

u; s.t. c(x,u)<0
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Consider the finite-horizon discrete-time optimal control problem:

N-1
min J(X, U) = min Xy) + £ (x,u
in (X, U) Ulgb(N) kZ(,) (kk)]
subject to X, ; = f(X;, up)

. . . C(Xkauk)soy k:()""7N_17 f,C,bﬂ,Qbecz
Using dynamic programming

Vi(x) = min lf (X ) + Vi (xk+1)]

u; s.t. ¢(x,u)<0

Applying the minimax DDP technique, this recursive equation can be transformed into,

Vk (Xk> = min max [g (Xk, u, lk) + Vk+1 <Xk+1)] where Z(Xk, u,, Aﬂk) = f(Xk, uk) + A;I;TC(X]{, uk)
u, 4>0
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Consider the finite-horizon discrete-time optimal control problem:

N-1
min J(X, U) = min Xy) + £ (x,u
in (X, U) Ulgb(N) kZ(,) (kk)]
subject to X, ; = f(X;, up)

| | | cxpu) <0, k=0,..N—1, f.c.,p € C2
Using dynamic programming
Vi (xk) =  min lf (Xk, uk) + Vi (xk+1)]

u; s.t. ¢(x,u)<0

Applying the minimax DDP technique, this recursive equation can be transformed into,

Vk (Xk> = min max [g (Xk, u, lk) + Vk+1 <Xk+1)] where Z(Xk, u,, Aﬂk) = f(Xk, uk) + A;I;TC(X]{, uk)
u, 4>0

Now, quadratically approximate V) about the nominal trajectory and minimize Q w.r.t. ou to find
ou* = k + Kox and 64* = h + Hox
Using u + ou* and A + 6A*, propagate trajectory forward in time
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Initialize

e Trajectories {X,U,A}
e Parameters V1,V2,7, Kip

v

Backward Pass \

e Compute quadratic approximation
of nominal trajectories
e Compute gradients of action-

value function

Qza Qua szs Qzua Qmu Q)n Q)\ma Q)\u
e Compute and store coefficients

k,K,h, H

{XI’ U, A} {0z, du, oA}

—_—
-

-
_________

\ Quadratically Approximated /
Trajectory

-«
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No

Converged?

Yes

= End
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Initialize

e Trajectories {X,U,A,Y}
e Parameters vi,va,7, tip

e Functions f,¢,¢,c

v

Backward Pass

N

e Compute quadratic approximation |—>

of nominal trajectories
e Compute gradients of action-
value function

Qms Qua Q'm's Qmus Quus Q)n Q)\ms QAu
e Compute and store coefficients

k,K,h,H,p, P
X, IU’ A, Y} {0z, 0u, 0, by

-
-

-
’

-
_______

\ Quadratically Approximated
Trajectory

/

No

Forward Pass

e Compute deviations of control with
stored coefficients
e Propagate a new state trajectory

with updated deviation

— Converged?

* Yes
End
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Dynamics (6DoF) and Constraints N

« Dynamics
 Clohessy-Wiltshire linear model
 quaternion attitude model

\4

1
— Y, v, u)

ER13,X= 1
QO

J (7 -0 x (Jo))

S o <=

 Performance Index
« quadratic cost

p(x) =x'Rx, #(u)=u'R,u

o’
.t
.
8
8
-
K
o
8

Chief orbit >
A\ A\ v
X

. n
Inertial Frame Body frame

» Constraints
tr fixed
X(fy) = X i ame
X(t7) = X7
-, <uw) <ua,,,
39 m < ||r (0,

in-plane safe constraint
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Quaternion

Hooom
ouwouwo

HoooM Hooom
ouwowo

ouvouwo

Hooom
ouwouwo

q(t,) = [0.5657,0.5657,0.5657, — 0.2]" = ¢(T) = [0,0,0, — 11!

w(ty) = [0,0,0]" - o(T) = [0,0,0]"

Angular Velocity

- ql

1 1 1 1 1

0 100 200 300 400
- (o}

1 1 1 1 1

0 100 200 300 400
- q3

1 1 1 1 1

0 100 200 300 400

Time (s)
1 1 1 1
0 100 200 300 400
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w1

1 1 1 1 1

0 100 200 300 400 500
~ W2
E 1 1 1 1 1

0 100 200 300 400 500
: w3

0 100 200 300 400 500

Time (s)

Daniel Guggenheim School of Aerospace Engineering

SSDL | Space Systems 33
Design Laboratory



Radial (x), m

Initially Feasible Case: Path

100

50

=50

-100

%* Chief
—— CDDP
—— DDP
— — — Initial Solution
@ Start
V Target
constraint

—-220-180-140-100 —60 —-20 20 60
Along-track (y), m

100 140 180 220

Control Inputs (m/s?)

0.00006
0.00003
0.00000
—0.00003
—0.00006

0.00006
0.00003
0.00000
—0.00003
—0.00006

0.00006
0.00003
0.00000
—0.00003
—0.00006
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Uy
constaint
1 1 1 1
100 200 300 400 500
_/_\ uy
constaint
1 1 1 1
100 200 300 400 500
// uz
constaint
1 1 1 1
100 200 300 400 500

Time (s)
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Radial (x), m

Initially Infeasible Case

100

50

=50

-100

%  Chief
——— CDDP
— — — Initial Solution
@ Start
@ Target
safe constraint #1

safe constraint #2

—220-180-140-100 —60 —-20 20 60

Along-track (y), m

100 140 180 220

Path

Radial (x), m

100 |
50 |
0 -
-50 | %  Chief
——— CDDP
— — — Initial Solution
@ Start
@® Target
safe constraint #1
—100 safe constraint #2
1 1 1 1 1 1 1 1 1 1 1 1

—-220-180-140-100 -60 —-20 20 60 100 140 180 220

Along-track (y), m
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Further Motivation and Current Progress

« CDDP under uncertainty
« dynamics and constraints are no longer deterministic
« can't use deterministic CDDP directly

e reachability of constrained optimal control

Daniel Guggenheim School of Aerospace Engineering

SSDL | Space Systems
Design Laboratory

/ SSDL Meeting Nov 29th, 2022 7 /Gl"



Chance-constrained Differential Dynamic Programming

min J(X, U) = minE | (xy) + Y %)

subject to X, = f(Xp, wp) + G(X;, up)wy,
Prlc(x,,u) <0] > 1—¢
k=0,...N—1, fc,¢,¢ € C?
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« DDP and CDDP showed successful fast convergence when it's applied to
the linear relative motion model and quaternion model

« The academic and practical values of chance-constrained DDP will further
be discussed
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Thank you for your attention!
| appreciate your comments and questions!

Good Luck with your Projects and Exams!

Tomohiro Sasaki
tomohiro.sasaki@gatech.edu
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