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In this paper the albedo radiation pressure (ARP) is investigated in the
circular restricted three body problem (CR3BP) for a system consisting of
the Sun, a minor body and a solar sail. The analytical framework is provided
with extension to the solar radiation pressure (SRP) theory. The minor body
is treated as Lambertian with bidirectional reflectance distribution function
(BRDF) for approximation purposes. In this study it is found that ARP
dominates SRP in a volume around the minor body which extends to L
and Lg, characterized as the region of influence (Rol) with an analytically
defined boundary. Numerical simulations show that the inclusion of albedo
effects generates new locations of artificial equilibrium points nearby the
minor body, an important fact to address for solar sail missions to asteroids
and comets. Local stability and controllability at equilibrium points are
investigated and the system is found to be unstable but controllable in general
when solar sail attitude angles are chosen as control inputs. Furthermore,
equilibrium points along the Rol boundary are found to be Lyapunov stable.

Keywords: Restricted Three Body Problem; Solar Sail; Asteroids; Albedo
Effects; Lambertian

Email addresses: msantora3@gatech.edu (Mariusz E. Grgtte),
holzinger@gatech.edu (Marcus J. Holzinger )
!Graduate Student, School of Aerospace Engineering, Georgia Institute of Technology
2 Assistant Professor, School of Aerospace Engineering, Georgia Institute of Technology



1. Introduction

Over the past decade space agencies worldwide have executed several mis-
sions to primitive bodies such as asteroids and comets. Increasing interest
from the scientific communities in understanding their environment, value as
promising mining-resource and role as indicators about the creation of the
Solar System (Sonter, 1997; Nesvorny et al., 2003). In 2005 the Hayabusa
mission, governed by Japan Aerospace Exploration Agency (JAXA), has
provided more information about the dynamical environment of Asteroid
25143 Itokawa and samples from its surface (Scheeres et al., 2007; Michel
and Yoshikawa, 2005). The Rosetta mission to the comet 67P/Churyumov-
Gerasimenko performed a successful landing with its probe Philae on 12
November 2014 which returned important data about the surface (Taylor
et al., 2015). Furthermore, in March 2015 the Dawn spacecraft arrived at
the dwarf planet Ceres to look for habitable oceans and study the relation-
ship between the asteroid belt and formation of the Solar System (Hand,
2015).

Solar sail propulsion is applicable to a wide range of missions. This space-
craft design provides the benifits of potential low-cost and long-term missions,
controllable maneuvers at artificial Lagrange points, or equilibrium points,
and are easily transferred to configurations such as Halo orbits around these
equilibrium points, also named libration points (Farquhar and Kamel, 1973;
Howell, 1984; Mclnnes et al., 1994; Farres and Jorba, 2012). Studies about
solar sail dynamics around comets, where it is claimed that the sails may
orbit the comet at Sun-side equilibrium points during its perihelion passage
are discussed in Scheeres and Marzari (2002). Solar radiation pressure (SRP)
and the strength of solar tides are claimed to alter the stability character-
istics of the equilibrium points when in the vicinity of the Sun, inducing
easily controlled orbits as discussed in Burns et al. (1979), in which the im-
portance of SRP force exerted on smaller particles is emphasized. Ershkov
(2012) provides a detailed analysis of a photogravitational restricted three
body problem of a small particle system which can be theoretically linked to
asteroids and their effects on the spacecraft from emitted radiation.

Control methods applicable for spacecraft hovering over Near-Earth As-
teroids (NEAs) are discussed in Broschart and Scheeres (2005), which can
ease the difficulty of orbiting small, irregularly sized and low-gravity objects.
The body-fixed hovering behavior maintains the spacecraft relative position
which can prove to be advantageous in acquiring close high-resolution images



of a particular surface. In fact, solar sails primarily utilize this hovering con-
cept combined with change in attitude or sail area trim to alter the location
of equilibrium points. McInnes et al. (1994) studies the available libration
points for solar sails in CR3BP that are Lyapunov unstable, but establishes
that they are in general controllable using sail attitude feedback control alone.
In general, it is claimed that the sailing capability offers potential low-cost
missions and flexible methods for exploring the solar system (Macdonald and
MeclInnes, 2011). In a conceptual and simplified version of the solar sail, when
modeled as a perfectly reflecting flat plate, these equilibrium points depend
on sail attitude and strength of SRP and gravity forces. Morrow et al. (2001)
further investigates the solar sail CR3BP dynamics with Hill approximation,
a mathematical tool which applies well to the motion of spacecraft around
asteroids. In the paper it is confirmed that the sail acceleration renders re-
strictions when hovering over or orbiting smaller bodies due to inevitable
sensitivities to the perturbations being present.

To establish an analytical framework to incorporate SRP into the equa-
tions of motion (EoM), the initial steps are to investigate the CR3BP with
SRP in a Sun-minor body system. Solar sails are inherently sensitive to pho-
tons it is proposed in this paper to investigate the additional effects from
the smaller body albedo, or albedo radiation pressure (ARP). Emphasis is
made on ARP as a significant force in addition to SRP in CR3BP and new
conditions are identified. The minor body is modeled as a Lambertian dif-
fuse gray body with its albedo effects modeled by means of optical signature
magnitude based on the relative distance to viewer i.e. solar sail. The albedo
scattering is determined by the bidirectional reflectance distribution function
(BRDF). Since the dynamics will alter in vicinity of minor body, it is im-
portant to investigate local stability and controllability at the equilibrium
points. Due to high number of degrees of freedom, local stability is best an-
alyzed through applying the method of Routh-Hurwitz criterion (McInnes,
1999). Controllability is established conventionally through analyzing the
controllability matrix with control inputs chosen to be the solar sail pitch
and precession angles, claimed to be good choices together with sail area
trimming (Hexi and McInnes, 2005).

The contributions in this paper are listed as follows: (a) equilibrium sur-
faces as a function of solar sail lightness number in a Sun-asteroid CR3BP
system with both SRP and ARP, (b) extension of existing constraints iden-
tifying regions of where equilibrium solutions exist, (c¢) regions of where SRP
or ARP forces are balanced or separately dominant are analytically identi-



fied and (d) local stability and controllability at the equilibrium points are
analyzed.

This paper is organized as follows. Section 2 describes the background of
the material and provides the literature review up to date. The equations
presented here serve as basis for further discussion and include only SRP in
the EoM. Section 3 describes the means necessary for an adequate approx-
imation of including ARP in the CR3BP system. Method of incorporating
albedo effects, the force model and conditions for equilibrium solutions are
modified. Extension to the existing constraints and region of influence are
shown analytically. Section 4 discusses the stability and control of the solar
sail at the equilibrium points. Linearization about local nonlinear dynam-
ics is favored over linearization about trajectories since there are no new
fundamental findings based on the local time-varying dynamics. Discussion
about whether the solar sail is controllable or not is presented here. Re-
sults are given in Section 5 and validates the analytically defined framework
and shows how equilibrium points vary based on both SRP and ARP for se-
lected parametrization of solar sail lightness number. Conclusions are given
in section 6 and summarizes the findings and what impacts this may have
on current and future missions. In Appendix A a more rigorous discussion
of the background material is presented with influence from the notation in
Mclnnes et al. (1994); McInnes (1999). Appendix B-Appendix F show the
partial derivatives used in section 4 to analyze stability and controllability.
Appendix G provides the correct derivation of previous erroneously defined
partial derivatives in McInnes (2000).

2. Theory

The dynamics of a solar sail in the CR3BP with SRP have previously
been established in Mclnnes et al. (1994); Mclnnes (1999) and serve as a
model that is to be extended in this paper. The following results are briefly
summarized here to serve as a foundation for the contributions in this work.
More complete derivations are given in in Appendix A. The rotating B frame
rotates once with angular velocity wp/z about the Z-axis or as seen by the
inertial frame Z in 27 /w time units. In this paper the dynamics are considered
to be in the rotating B frame unless otherwise stated, thus the notation for
the frames will be dropped further on. The dimensions are normalized such
that the distance between the primary masses 15, the sum of primary masses
my +my, angular velocity magnitude ||wp/z||2 and the gravitational constant
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G are all defined to be unity. The mass ratio of the system is defined as
i =msy/(my +ms). Fig. 1 shows the geometry of the CR3BP system in the
rotating reference frame, where all units are nondimensionalized.
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Figure 1: Schematic geometry of the solar sail restricted three body problem in the X — §

rotating frame.

The reduced vector form of equations of motion (EoM) for a solar sail
with r being the vector from the center of mass to ms may be defined in the
rotating frame as shown in Mclnnes et al. (1994)

F+2wx1t+ VU =a; (1)

When the solar sail is in equilibrium between gravitational and SRP accel-
erations, the state space form describing the EoM may be written as

o I'. _ _ 03><1
X = |:r:| — 06><1 — |:a1 o VU:| o1 (2)
The SRP acceleration of a solar sail in CR3BP may be written as
T—p),. o
al:ﬁ( r2'u)<r1-n)2n (3)
i
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Knowing that t; is directed along the Sun-line and since the SRP force
can never be directed sunwards, the solar sail acceleration is constrained
(McInnes et al., 1994). Therefore the (-) term is defined as the nonnegative

operator i.e.
(z) = r x>0
10 ifx<0
The solar sail lightness number ( is an important design parameter which de-

fines the ratio of SRP acceleration to gravitational acceleration. /3 is defined
as

_ 2 4

=2 (1
where a
. 1

o= 2rGmyc (5)

where £; is the luminosity of the large primary object, where for the Sun it
is taken to be approximately 3.846 x 10%° W. It can be seen that a large /3
is induced by larger % = A/mgs i.e. the sail acceleration a; is proportional
to the sail area and inversely proportional to the spacecraft mass. However
it will also be shown that acceleration a; is also highly dependent on the
sail orientation as indicated by the nonnegative operator (-). For comparison
and building intuition, Table 1 shows different values of 5 for spacecraft that
have been tested and deployed in space. Typically values of 5 = 0.001 — 0.3
are feasible (Mclnnes, 1999). It is to be noted that the examples are not

treated as perfect solar sails with 100 % specular reflection.

Table 1: Solar sail lightness numbers for relevant spacecraft

Spacecraft I6]

GeoStorm (Mclnnes, 1999) 0.02
Interstellar Heliopause Probe (McInnes, 1999) 0.3 — 0.6
IKAROS (Tsuda et al., 2013) 0.001
Sunjammer (Heiligers and McInnes, 2014) 0.0388 — 0.0445

At equilibrium, where SRP and gravitational accelerations are balanced, the
sail normal vector ni can defined as the unit vector of the gradient of pseudo-

potential
VU

VU (6)

n—=



The solar sail orientation angles, pitch (cone) and precession (clock) angles
in order, can also be expressed at equilibrium as the following

_ Hf‘l X VU“2
- VU

tan o (7)

||((f‘1 X 2) X f’l) X (f‘l X VU)”Q (8)
((f‘l X 2) X f'l) . (f‘l X VU)

As indicated on Fig. 1 an additional sail orientation angle has to be defined

with respect to ry and can be defined as

tany =

([[F1 X Fal[2) (B - VU) — (£1 - £2)([|#1 x VU]]2)
(F1 - F2)(F1 - VU) + (||f1 x £2f[2)([[F1 x VU]||2)

tan(y —a) = (9)
At an equilibrium point the solar sail lightness number g may be found from
the following expression

r?  VU-i
(1 —p) (1 - )2

By evaluating the nonnegative operator (1 -n1), a boundary S(ry,ry) = 0 can
be found when #; - i = 0 as shown in Mclnnes et al. (1994). The condition
exists when SRP has no effect on the solar sail i.e. when the sail is oriented
at |a| = 90° or more intuitively when § — oo. The boundary is written as

B = (10)

Srar) = ala+p) +yt - =L T (1)
T1 T

and defines possible locations for equilibria in CR3BP in the rotating refer-
ence frame. The boundary exists in form of two topologically disconnected
surfaces and separates regions where equilibrium solutions may and may not
exist as shown in previous work (Mclnnes et al., 1994). In the free areas the
equilibrium points indicate that the solar sail is in tension between SRP and
gravitational forces.
Based on the methodology described here and in Mclnnes (1999), the fol-
lowing section will include the ARP force in CR3BP solar sail dynamics and
generate equivalent analytical results for acceleration terms, conditions and
new boundaries.



3. Inclusion of Albedo Effects

Based on the EoM in CR3BP with SRP effects given in Eq. (1), the
model is now extended to include the ARP. As an approximation, luminosity
of the body is characterized by the bidirectional reflectance distribution func-
tion (BRDF) and is therefore treated as an Lambertian diffuse model. It is
known that for Lambertian BRDF, the reflecting radiation can be expressed
as a function of the angle between the Sun-line vector 1, with respect to the
body my and the viewer line of sight #5 (Magnusson et al., 1996; Kaasalainen
et al., 2002). Several techniques have been developed to estimate albedo val-
ues. A reasonable reflectance number for asteroids should be approximately
p = 0.1 — 0.2 (Fernandez et al., 2005; Busch et al., 2008). Asteroids are
treated as gray bodies such that p is constant for all wavelengths but with
low emissivity, which is consistent with some of the previous studies found
in Krag (1974). Furthermore the technique of optical signatures have fre-
quently used the visual magnitude system, adopted from the astronomers.
This method will also be applied here and serves as an approximation tool
that may be extended in further study.

The optical signature magnitude of an asteroid M,, when approximated
as a sphere, is given by

2
My = 3, — 25108 (S (o)) (12
2
where d, is the diameter of the asteroid and 7y is the distance between the
asteroid and the observing spacecraft. M; is the reference magnitude, taken
here to be the Sun, and has the visual magnitude of —26.78 from the Earth
with atmospheric effects being uncorrected (Krag, 1974; Shell, 2010). The
Lambertian BRDF may be expressed in terms of a function of pp(¢) where p

is albedo reflectance and p(¢) is the diffuse phase angle function as identified
in Krag (1974). p(¢) is defined for a diffuse sphere as

P(6) = 525 (sin o+ (1 — 6) cos) (13)

For a fixed diameter dy and albedo p of the body msy and varying ¢ and rs,
represented here as D(¢; ra, p, ds), is obtained from rearranging Eq. (10) and

is of the form ,

d
D(¢§T2,Pa d2) = r—gpp(aﬁ) (14>
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This term appears in the logarithm term in Eq. (12) with values ranging
between 0 < D(¢; 79, p,dy) < 1 since the magnitude M; is restricted to be
M, < M. More intuitively, this represents the ratio of luminosities of mo
and m; as seen by the solar sail. Therefore the apparent luminosity of ma,
£o, can be defined in terms of the luminosity of m, £, as

Lo(ds 72, p,da) = £1D(p; 72, p, d2) (15)

Having established the basic definitions for albedo, it is now possible to look
at the additional force experienced on the solar sail due to ARP.

3.1. New Dynamics and Equilibrium Solutions
The total force exerted on the solar sail is expressed as

Z F=F,+Fsgpp+Farp + Fother (16)

if Fother is neglected, then forces due to gravity Fy, Fsgp and F 4zp are then
considered. Definitions of SRP are given in Appendix A, where SRP and solar
energy flux are defined as Psgrp and Wsgrp, respectively. The expression for
ARP magnitude is as follows

Warp

Pagp = (17)
where ¢ is the speed of light and Wagrp represents the energy flux of the
electromagnetic albedo radiation from the asteroid that creates pressure on
the solar sail. Assuming the Sun and the object are now treated as a luminous
sources, the energy flux varies proportionally with the inverse square of the
distance T15 between the Sun and the body ms. The albedo energy flux
Wagrp can be written in terms of the asteroid luminosity £o(¢; 79, p, d2) and
scaled by the Sun-Earth distance Rg as

22(¢7 T2, P, d2)

2
4dmrs

Warp = (18)
Albedo photons from the second primary mass are reflected on solar sail,
creating an additional force to Fgrp. Incident directions of the photons from
the Sun and msy are defined as @; and V;, respectively. Specular reflected
directions of the photons from the Sun and ms are defined as 4, and v,
respectively. The schematic of forces working on the perfectly reflecting

9
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Figure 2: SRP and ARP forces exerted on a perfectly reflecting solar sail

solar sail is shown in Fig. 2. For a sail area A with unit vector i in direction
normal to the sail surface, the total force exerted on the sail due to photons
incident from 1; and V; directions is given by

Fisrp + Fiarp = PsppA({y - )iy + PA(V; - 1), (19)

where A({i;-11) and A(¥;-01) are the projected sail areas in ©; and V; directions,
respectively. By Newton’s Third Law, the reflected photons will exert a force
of equal magnitude on the solar sail in the specular reflected direction —1,
and —Vv,, i.e.

F;srp + Fiarp = —PA(Q; - D), — PA¥; - D)V, (20)

Since 0; — @, = 2(@; - h)n and V; — V,, = 2(¥; - 1)A, the net photon force is
then given by

Fisrp + Fiarp = 2PA(Q; - D)*A + 2PA(V; - h)*h (21)
Using Eq. (17) then Eq. (21) may be expressed as

WA, .. 2WA
Fsrp +Farp = — (0; - A)*hA +

» (V; -0)*h (22)

The sail surface may experience SRP and ARP forces exerted on same side
simultaneously or opposite sides exclusively, with respect to i1, then Eq. (22)

10



needs to be redefined as

QWA

2WA
WA -5 (¥;-0)%sgn (¥, - D)h (23)

Fsrp+Farp = T(ui-n)2 sgn (; - A)n+

C

where signum function sgn is commonly defined by

1 ifz>0
sgn(z)=¢ 0 ifz=0
-1 ifz <O0.

The sgn(:) term accounts for required sign change due to the direction of
forces acting on the solar sail. Using Eq. (18), then the net radiation force
may be expressed as

LA
Fsrp + Fagp :m(ﬁi -11)%sgn (@ - )
£a(0; dy)A
+ 2(¢i72: 01 do) (¥; - 0)%sgn (¥; - H)A (24)

2
2mers

In terms of explicit angles the following can be defined

cosa =1, - (25)
cos(p —a) =¥, -1 (26)
Using the definition of sail loading 0 = m3/A and Fsgpp + Farp = m3 Y _ a,
then P P
Z a— Lsrp T larp (27)
oA

For a solar sail on orbit around m; the direction of incidence of radiation w;
is defined by the unit vector t;. Likewise for orbit around msy, V; is defined
as F5. Thus Eq. (27) can be expressed as

_ £1 2 2 A\ A
a= 5 cos” arsgn (f1 - A)h
2meory

£2(¢7 T2, P, d2)
+ 2
2mcors

cos®(1) — a) sgn (£, - R)h (28)
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In order to simplify for the nondimensional total acceleration of the solar
sail due to SRP and ARP, then by using Eq. (4) and (5), Eq. (28) may be
expressed as

Gmy . . ) e ) o
ST B s (- )i+ GO () s - (20)
1
where .
~ ag
== (30)
g
and a p
5+ L2(0i72,p,d3) (31)

2rG'mac

In a nondimensionalized CR3BP system, Eq. (29) may be expressed as

a0 8 s - B (s ) (32

1

Looking at Eq. (30) and Eq. (31), then it is evident that the relationship
between  and [ is of the form

ma £

é ﬂ ((bu T2, P, d2)
B

= )D(¢;T27p7d2)
a D(¢7 T2, P, d?) (33>

It can be inferred that 5 = 8 when the function D(¢;75, p, dy) = /(1 — ).
This indicates the sail lightness numbers due to SRP and ARP are equal
at a certain phase angle ¢ and distance ry for a given system with constant
masses mp and ms, albedo p and diameter ds.

Eq. (32) may be explicitly decomposed into accelerations due to SRP and
ARP, a; and a, respectively. The ARP acceleration, second term on the
right hand side of Eq. (32), may then be expressed as

ay = 5%(15 - f)2sgn (fs - )ik (34)
2
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The scalar form of solar sail EoM added with ARP are of the form

T — 2y = —Ux + ay z + Az ¢ (35)
§+ 21 = —Uy, + ayy + agy (36)
i=-U,+a1,+as, (37)
At equilibrium solutions, Eq. (2) is modified to be
& — r — _ 03><1
T L} Do = [al Taz— VUL)xl (38)

Taking the scalar product of Eq. (32) with fi, and requiring equilibrium
solutions then

(a; +ap) - =VU-n (39)

L—p), o N Y LN A .
U e ) s 5y ) + A (- 85 (£ 8) = VU R (4]
1 2

Substituting Eq. (34) into Eq. (41), then the following is obtained

01— ) (S0 s 51 )

1

(Dl p.d) b %) (5, . 82 sem (5, - ﬁ)) —VU - # (42)
2

Since it is required that VU -fi > 0 or (a; +ay) -1 > 0, then there exist four
analytical forms due to the sgn operator of which only three are physically

13



valid and satisfy the condition Y a-f > 0, i.e.

(60— ) (B 0)? + 2EeB) (7, 5)2) if case 1
2

»—Tgml =
~—~
Ix
—

il 5 if case 2;

T2

A)2 _ D(¢;7’27p7d2)(f.2 A 2)

»jzml =
—~
>
—

Za'ﬁ: ) 5(1 _H) (
B ) (-
| Undefined if case 4.

(43)

|~

<
=)

(£, - 1) + fD(@f’p’dg) (o - ﬁ)2> if case 3;
2

where case 1: ;-0 > 0,0 > 0and > a-n > 0;case2: ¥;-0 > 0,10 <0
and > a-n >0;case 3: ¥1-n1 <0, -0 >0and ) a-fn > 0 and case 4:
f1-0 <0, -0 <0and ) a-ii < 0. The solar sail may now have the normal
vector n directed against either bodies m; and msy but not both at the same
time, i.e. i may now be directed against SRP or ARP, contrary to previous
work if only SRP is accounted for (McInnes et al., 1994). Rearranging Eq.
(42) then the equilibrium solutions may be parametrized by [ as
VU -1

= — — - — — (44)
(1= ) (2 (81 - 8)?sgn (8 - 8) + 2208 (6, )2 son (5, - )

where the (-) is now the nonnegative operator. Eq. (44) is referred to as
contribution (a) in section 1 and serves as an extension to previous work
(McInnes et al., 1994; Mclnnes, 1999). A value for § will be given at any
specific equilibrium point. Equivalently equilibrium surfaces can be rendered
for any chosen specific values of 5. Eq. (43) is now also a function of phase
angle, orientation and distance with respect to the second primary mass as
well as the object diameter, which all characterize the ARP exerted on the
solar sail. For simplicity in this paper and comparison to previous work
(McInnes et al., 1994; McInnes, 1999), Eq. (44) is parametrized by /3 instead
of 3, as it is the intuitive design parameter to use as a benchmark since ARP
is inherently a function of SRP. This choice also provides flexibility since the
three body system may change in a mission scenario when surveying multiple
objects. Furthermore, mass and area of the spacecraft may be selected based
on the solar sail lightness number desired.

3.2. Constraints on the Existence of Equilibrium Solutions

Now in order to analyze a meaningful constraint for both SRP and ARP
affecting the solar sail together, then at an equilibrium solutions it is required

14



that Eq. (1) will be in a motionless condition of the solar sail, i.e.
VU =a; +a (45)

Evaluating the gradient of the pseudo-potential U, defined in Appendix A,
and taking the scalar product of Eq. (45) with A, it is required that 5 > 0
i.e. the solar sail lightness number is lower bounded and that VU -fi > 0 or
(a; +ay) - i > 0. The following boundaries are therefore derived as

VU - -1 =0
VU
: =0
VUL (46)
|VU|2 =0

or alternatively two boundaries can be derived in terms of a; + a, which
corresponds to the denominator in Eq. (45) i.e. when 8 — oo, then

P D(¢;r27pvd2)
i rs

D(¢; d
-~ 2Sgn<f'1'ﬁ>+ (¢77;22>/0> 2)
2

)
P25y - 5)2sgn (B - ) + r2D(6; 3, p, do) (2 - ) sgn (7 - ) =0

(f'g . fl)2 Sgn (f‘g : fl) =0

(f‘g . fl)2 sgn (f‘g .1

The derived result defines a boundary as a function of albedo effects, for
where equilibrium solutions exist and do not exist for # > 0 when both SRP
and ARP are exerted on the solar sail. In the free areas the solar sail may now
orient itself unreservedly and there are no constraints on || and |(¢) — «)| as
long as the condition (a; + ay) > 0 is satisfied. For case 1 and 4 the derived
result will correspond to the function V(ry,r2) and is defined as

V(I’l, I'Q) = T%(f‘l : fl)2 + T%D(qf), To, P, dg)(f‘g . ﬁ)2 =0 (47)
For case 2 and 3 the function V (ry,r5) = 0 may be defined as

V(rlv r2> = rg(fl ' ﬁ)2 - T%D(gbv 2, P, d?)(fQ ' ﬁ)2 =0 (48>

15



V(r1,ry) corresponds to when fi is pointed away from (case 1) or against
(case 4) both SRP and ARP at the same time. The latter case is not prac-
tically valid since the solar sail may not accelerate towards both m; and
mso simultaneously. This boundary shows where the equilibrium solutions
may not exist when the sail experiences forces on the same side. Similar
to S(ry,rs), the boundary exists in form of two topologically disconnected
surfaces. Boundary f/(rl, ro) shows where the equilibrium solutions may not
exist when the sail experiences forces on its opposites. V(rl, r) corresponds
to when 10 is pointed against SRP and away from ARP, defined as case 2, or
against ARP and away from SRP, defined as case 3. The result is referred
to contribution (b) in section 1 and practically this means that the solar sail
may orient itself to 0° < || < 180° and still retain equilibrium solutions at a
chosen attitude. Equivalently it can orient itself to |a| > 90° in some of the
areas previously known to be forbidden in the model with SRP alone, defined
by the boundary S(ry,rs) in Eq. (11) (Mclnnes, 1999). It can be inferred
that if D(¢;79,p,ds) = 0 or p = 0, i.e. when there are no albedo effects,
then Eq. (47) and Eq. (48) reduce to the constraint V(ry,rs) = S(ry,r2) as
presented in McInnes (1999).

3.3. Photometric Regions of Influence

Since there are now two acceleration forces to balance the gravitational
force to achieve equilibrium, it is important to establish the scale of influence
of SRP and ARP to see which force affects the solar sail the most in vicinity of
ms. Here the derivation of the magnitude of the SRP and ARP accelerations
llai||2 and ||ag||2 are given and analyzed when they are equal thus defining
the boundary, similar to the mathematical definition for sphere of influence
(Sol) as presented in Battin (1999). A region of influence (Rol) created by
the luminosity of ms exists between the boundary ||a;||2 — ||az||2 = 0 and the
object mo and is derived as follows

a1z = [|az]]2 (49)
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1 _ T N T A ) S A~ A ~
HB( QM)(r1~n)zsgn(r1-n) = ﬁ%(rz-n)ngn(rg-n)
" 2 2 2
1 — P o~ 1 — D 172, 7d N ~
;XHB( ), qy| ||t da) o o
1 2 s )
1 > A D T2, 7d A A~
= || (& - a)?| = (¢ 22 p; do) (F, - )’ (50)
" 2 T3 9
1o D(¢;ra,p,da) . .
laullz = flaz]l = \ —(#1 - 0)’| — \M< A2 =0 (51)
" 2 T3 2
or simplified as
,,,.2 2 B D(gb d )(f‘Q . ﬁ)Q (52)
) - T2, P, G2 (f'l ] fl)2
or » |
cos(y) —
TRot = 12 = r1D(¢; 72, p, dy)*—— (53)

COs

where rg,; = ro and is the distance from my to the Rol boundary ||a;||s —
llaz|l2 = 0. This boundary indicates where the SRP acceleration is larger
than ARP acceleration i.e. where ||ai||2 > ||az||2 and vice versa. The result
is referred to as contribution (c) in section 1. For close-up observations of ma,
at a distance of ro < 1,000 m for an instance, this particular contribution is
important to emphasize since its impact on the solar sail dynamics has been
analytically identified for which Eq. (43) is a fundamental cause thereof.
In such a condition the solar sail would be strongly influenced by ARP and
therefore equilibrium solutions in the Rol would alter significantly as ||a; |2 <
llag|l2. Moreover ||la;j|ls << |laz|l> when the solar sail is very close to the
object my. On the other hand, when ||a;|l2 > |las||2 equilibrium solutions
would not be significantly altered.

Now that the solar sail dynamics in CR3BP with SRP have been properly
defined, it is worth looking into the stability of the artificial equilibrium
points and how to locally control the spacecraft if the equilibrium points are
naturally unstable.

4. Stability and Control at Libration Points

In reality, the motion of a spacecraft in CR3BP is highly nonlinear and
complex. In order to investigate stability and controllability, the behavior of
the system is analyzed using local linear dynamics about the chosen equilib-

17



rium points of interest, e.g. the Lagrangian points or artificial equilibrium
points. This section intentionally presents the methodology and notation
very similar to Mclnnes et al. (1994); Mclnnes (1999) in order to better
understand the similarities and differences to previous studies.

The equilibrium (libration) points have the coordinates (zr,,yr,, zr,) in
the rotating reference frame and L; is the equilibrium point of interest. With
perturbation at an equilibrium point the coordinates (dz, dy, 6z) may be writ-
ten as

ry, + or = [(xLz + (513) (yLZ- + 5y) (ZLz‘ + (SZ)]T (54)

With only first order terms considered from the Taylor Series Expansion, the
local solar sail EoM with respect to the equilibrium points at ry, (denoted
with ") are expressed as

0T — 25y :<_U;x + aim& + a;,xx)éx + (_U;y + af{,xy + a;,my)éy

+ (U, + g + af )62 (55)
5ij + 207 :(_U;w +aj,, + a;ygg)&t + (—U;y +ay,, + a;yy)dy
+ (~UZ, +ai,. +ab,,)0z (56)
02 =(=UZ, + @} ., + a3,)00 + (~UZ, + a ., + a3 ., )0y
+ (UL + af ., + a3..)62 (57)

where Uy, = 0U/0jOk and U}, = Ujln, where (j,k) € (v,y,2). These

partials are given in Appendix B. The second partials of the acceleration

terms a; and ay are defined as a; ; = 0a;/0kOl and is the Ith derivative of the

kth component of the radiation acceleration vector a; with respect to body

m; j € (1,2), and furthermore aj,; = a;ju|r,. The first and second partials

of the accelerations are given in Appendix C and Appendix D respectively.
In state space form the perturbation dynamics may be written as

X = Ax (58)

where the state vector is defined as X = [dz 6y 6z 64 0y 02]7 and the state
matrix A € R%*6 is defined as

~ {03x3 D343
A= { v N} (59)
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where

—Uygs + al,zx + 02,2z _Uzy + 01,2y + 02,2y U, + Al,zz + A2 22
T=|-Uptarye tazye —Uy+aryy+azyy —Up+ary.+azy. (60)
U + A1,z + Q2 2z _Uzy + 01,2y + A2 2y -U,, + Al,zz + Q2,22

0 2 0
N=|-2 0 0 (61)
0 0 0

For a nontrivial solution, then taking det(A) = 0 gives the characteristic
polynomial (Mclnnes et al., 1994)

POY =D A (62)

It is known that in the system without SRP the collinear libration points,
L1, Lo, L3, are unstable and the initial conditions can at best be chosen such
that the eigenvalues are not excited, meaning Lyapunov stability may be
achieved close to the collinear points (Nuss, 1998).

The coefficients of the polynomial () are given by (McInnes et al., 1994)

s = T1 (T3, T35 — To3Thy) — Thp(T5 T3 — T3sT)

= T35(T5,T5; — T3, T) (63
g5 = 2T35(T5,T1,) + 2(T5,T75 — T53T3) (63b
g1 = T1 To + T1 Tas + T3y, — T13Ty — T, Ty + 4T3 (63c
g3 = 2(T% — T},) (
g2 = T7; + T35+ T35 +4 (
¢ =0 (63f
Q=1 (63g

(o)
R
o &
N e e e N N N

To check if the system is stable then according to the Routh-Hurwitz cri-
terion, then for a nth-degree polynomial B(A), all coefficients ¢; must exist
(¢i # 0), be positive ¢; > 0 and if there is any sign change in the Routh
Array then it means that the system is unstable. Looking at the Eqs. (63a)-
(63g) implies that at least one eigenvalue will not lie in closed left half-plane
(CLHP) of the root locus diagram since ¢; = 0. Thus the system is naturally
unstable. Substituting for purely imaginary eigenvalues A\ = tx (1 = /—1),
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the characteristic polynomial becomes as shown in (McInnes et al., 1994)
P(uk) = —k® + qar?* — 1q3k> — ur* + 15k + ge (64)

For the condition B(\) = 0 then both real and purely imaginary parts are
identically zero, thus

KO 4 qor* — quK? + g5 =0 (65a)
vi(gs — k2qz) = 0 (65b)
Six solutions appear from this set of equations with x? > 0, i = (1, ...,6).
With k1 = 0 and kg3 = £ g—z, the solution x is not a consistent solution.
The latter equation can be satisfied if g3 = g5 = 0 and are then represented
in conjugate pairs in the first equation which may or may not have real
solutions. In order to have Lyapunov stability then, by necessity, g3 = 0 =
(T3 — T7,) = 0. Since potential is conservative U,, — Uy, = 0, such that
g3 = 0= (a1 + Q2ys — Q1 5y — A2,4y) = 0. With g5 = 0 it is also required
that (al,zm + Q220 — A1z — a2,zz) = 0 and (al,yz + A2yz — A1y — a2,zy) = 0.
This implies that 8 =0 or

VX&1+VX32:O (66)

=V xa =-Vxay (67)

Similar to the CR3BP with SRP acceleration a; only, this implies both a; and
a, must be either conservative or one of the accelerations must be balanced
by opposite curl. A requirement for Lyapunov stability is therefore that SRP
force is zero, i.e. B = 0, or the problem is conservative, i.e. |a| = 90° and
1 = 0° or |[¢p| = 180°, or the accelerations are balanced, i.e. a; = —a.
Interestingly enough, the condition a; = —as occurs at the Rol boundary
V(ry,ro) as derived in Eq. (47). The modified stability characteristics are
part of contribution (d) in section 1. Although the equilibrium solutions are
in general unstable, they are controllable using either feedback to the sail
attitude or trim to the sail area.

In this paper the sail controllability of position and velocity will be inves-
tigated using the solar sail attitude as the control input, which is considered
to be more practical than trimming area of the solar sail by varying 8 as
there is more flexibility in changing the attitude by two control variables
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only. Nevertheless, in future work, it is worth to examine controllability
with all three control variables as the thrust of the solar sail inherently has
three components (McInnes, 2000). The sail orientation control variables are
defined such that the input is

u’ o+ ou = [(ag, +da) (y, +07)]" (68)

where oy, and 7y, are the nominal sail angles corresponding to the libration
point of interest. Thus the state space form becomes

X = AX + Biu (69)

where A is the same as defined in Eq. (59) and the input matrix B € R%*2
will now have the form

03 2
B=|: 70
- (70)
where
* * * *
al,za + a2,za al,:p'y + a’2,x’y
Sk * * * *
a = 1y + a2 ya a1y + @2,y (71)
* * * *
al,za + a?,za al,z'y + a2,z7

where ;5 = Oa;/0kOl and is the [th derivative of the kth component of
the radiation acceleration vector a; with respect to body m;, j € (1,2), and
furthermore a7, = a;ji|r;- The partial derivatives are given in Appendix E
and Appendix F.

The controllability matrix I' € R6%12 may be written as

I'= B AB A’B A°B A'B A’B] (72)

To check for controllability, and noting that

-4 0 0
N2=|0 -4 0 (73)
0 0 0

and N3 = —4N, the A matrix and higher-order powers are the following

Af= L\?T TIJ\:N} (74)
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NT N2+ T
3 _
A= [T?N2 +T?  ONT - 4N] (75)
Al T2N? 4 T2 ONT — 4N (76)
T |—4TN — 2TNT  T? — 4N2?2 — N2T
AS — —4TN — 2TNT T2 — 4N2 — N2T (77)
T3 — TN2T — 4TN?2 16N — NT?

The controllability matrix may thus be expressed in terms of columns as

= [wl Wy W3 W, W Wd (78)
where,
[0
wi=| o] (79
NE
ws=|(T 4 N)éi*} ’ (81)
[ N +T)Er
VT (2NT — 4N)a* | (82)
[ (ONT-4N)a* |
W5 = _(T2 _ 4N2 _ NQT)é* ) (83>
[(T? - 4N? - N’T)a"
W6= | (16N - NT?)a* (84)

It is found that the controllability matrix I' has full rank except when the
solar sail is not oriented parallell to the SRP and ARP forces having the
properties #; - i = 0 and T - i = 0 simultaneously, i.e. when |a| = 90° and
|| = 180° or || = 0°. This is naturally similar to the CR3BP with SRP
acceleration a; alone, i.e. when the system is uncontrollable if 1 - i = 0 as
shown in McInnes et al. (1994). For |a| = 90° and |¢)| = 180° and |¢| = 0°,
then the solar sail is positioned at the Lagrange points and no SRP and ARP
effects are induced on the solar sail.

To prove the fact, let 1 - i = 0 and £ - i = 0, then

a* = (053] (85)
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and
B = 05, (86)

The controllability matrix I' becomes

I' = [06><2 O6x2 O6x2 Ogx2 Opx2 06><2] (87>
Another case that may also render the system to be uncontrollable is when
a1 = —as g, and the following proves the fact
and
B = 04«2 (89)

which gives the same result as Eq. (87).
Thus controllability depends mainly on B or a*. Hence columns w;_g4 are
all linearly dependent and system is uncontrollable. The findings presented
in this section are referred to contribution (d) in this paper stated in section
1. This implies that the columns of I" are linearly independent if and only if
the first case #1 - i # 0 and T3 - . # 0 and second case a1y # —ag i, thus
rank(I') = 6 and the system is in general completely controllable.
Since the system generally is controllable, then a feedback gain K may be
constructed by pole placement or optimal control such that the closed-loop
system A, = (A + BK) is asymptotically stable.

With the analytical framework established and derivations being shown as
necessary for dynamics, stability and controllability, it is worthwile to look
at the results retrieved through numerical simulation.

5. Numerical Results

This section will cover the simulation results achieved based on the the-
ory established in sections 2 and 3. Analyzing the planar CR3BP for two
separate cases: y = 0 and z = 0 the solar sail in the Sun-asteroid system
with varying § and orientations («,7), it is clear that the classical libra-
tion points L; 5 are replaced by infinitely many artificial equilibrium points
when including radiation pressure from both the Sun and the asteroid. For
the results discussed here, the mass ratio u, albedo p, diameter of asteroid ds
and distance between Sun and the asteroid r;5 are chosen to be as indicated
in Table 2. These are geometrical and physical parameters equivalent to an
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Figure 3: Plots of equilibrium solutions by solar sail lightness number where — are the
B contours, - - - is the boundary S(ry,rs), A are the Lagrange points and o is the asteroid
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Table 2: CR3BP example parameters for Vesta

1 p dy (km) r12 (km)
1.3 x 10710 0.2 525.4 353.3 x 10°

asteroid representing Vesta, which is a large asteroid residing in the aster-
oid field. Previous studies shown how SRP generates artificial equilibrium
points (Mclnnes, 1999), however, with ARP these equilibrium points change
considerably and solar lightness number surfaces at equilibra become altered
due to the Lambertian BRDF as a function of p, ds, ¢ and r,. The chosen
region to investigate is in the vicinity of L; and Ls.

Figs. 3a and 3b show some of the equilibrium solutions or contours of
solar sail lightness number § in the CR3BP with SRP only in the X — ¥
plane and X — Z plane, respectively. Highlighted contours are a : 5 = 0.0003,
b: B = 0.0005 ¢c: B = 0.005 d: = 0.01, similarly reproduced as in
other literature (McInnes et al., 1994; McInnes, 1999, 2000; Nuss, 1998).
The dashed lines indicate boundaries S(ry,rs) which define the shaded areas
where the [ contours cannot exist as ry - n > 0 and be tangent to the mass
ms and the collinear points L; and Ly,. When VU = 0 or a = 90° then the
classical Lagrange points are retrieved.

Since p is very small then this renders more flexibility for small numbers of
[ than for large 3, demonstrated to be on the order of magnitude 10 less than
for the Sun-Earth system (Mclnnes et al., 1994). This practically means that
the solar radiation pressure force is much smaller than the solar gravitational
force. For a balance between the solar radiation pressure force and the solar
gravitational force the area to mass ratio is smaller thus a smaller solar
sail area is required for a specific fixed mass. When 0.03 < 8 < 1, the
contours do not change considerably and thus flexibility is restricted to a
smaller volume. If 0 < 8 < 1 then the contour shows a three-dimensional
nested torus projected onto the X — § or X — z plane. However for § > 1,
then the inner radius of the torus disappears. As [ — oo the equilibrium
surfaces approach the boundary S(ry, ry). The equilibrium points have been
demonstrated to be unstable but controllable in general (Mclnnes et al.,
1994).

Figs. 4a and 4b show the three-dimensional surface of equilibrium so-
lutions for # = 0.0003 and 5 = 0.005 and for § = 0.0005 and # = 0.01.
Fig. 4b and Fig. 5b show the planar equilibrium solutions or contours of
solar sail lightness number £ in the CR3BP with both SRP and ARP in the
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X — ¥ plane and X — Z plane, respectively. Highlighted contours are the same
a: = 0.0003, b: B = 0.0005 c: B =0.005 d: 5 =0.01. The dashed
boundary S(ri,ry) distinguishes the shaded forbidden areas from the free
areas where the g contours may not exist in the CR3BP model with SRP
only due tor;-n = 0. V(ry,ry) defines two disconnected shaded areas due to
the constraint > a-n > 0 labelled as V; and V5. This boundary shows where
equilibrium solutions may not exist when both forces from SRP and ARP
are included. The mass my and the collinear Lagrange points L; and Lo,
corresponding to the classical solutions with VU = 0 or o = 90° and ¢ = 0°
lie on both of the boundaries. Without albedo effects the boundary reduces
to S(ry,rs) as shown in Figs. 3a and 3b. V(ry,r,) is not shown in Figs. 5a
and 5Hb, as the forbidden areas due to this constraint are infinitesimally small
at mo and m; and did not appear in the simulations.

These results differ from Figs. 3a and 3b, showing that 5 contours in gen-
eral have different shape due to the Lambertian BRDF. Noteworthy is that
closer Sun-side equilibrium points exist between L; and ms which indicates
induced beneficial effects on the solar sail in the current presented approxi-
mation for albedo effects. For flexible solar sail transfers then § has to be on
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the smaller side. This means that the solar sail may move easily with smaller
SRP force as, at some points, it would balance out the gravity and ARP,
rendering existence of new equilibrium solutions. When 0.005 < 8 < oo, the
contours do not change considerably. As 8 — oo, the equilibrium points ap-
proach the boundaries S(ry,r3) and V(ry,re). The switching point is found
to be at § = 0.001, where # < 0.001 give the conventional contours and
£ > 0.001 give the altered contours that asymptotically approach the bound-
ary V(ry,re) as § — oo. It is emphasized again as shown in section 4 that
the equilibrium points are still unstable but controllable in general.

It has been demonstrated that the § contours are nearly identical to the
model with SRP only when in vicinity of L; and when outside the Rol or
boundary ||aj|ls = ||az|l2. The Rol boundary is shown in Figs. 6a and
6b for the two planar cases. It is evident that in the vicinity of mso then
llai||2 < ||az||2, thus the solar sail will have equilibrium solutions also when
n is oriented towards the Sun, i.e. when incribed in the Rol interior to the
boundary S(ry,ry). The equilibrium points exactly at the Rol boundary are
in theory found to be Lyapunov stable as claimed in section 4.

Fig. 7 explicitly shows a zoomed-in section of the equilibrium points for
a constant 8 = 0.005 with 0° < a < 180° for v = 0° represented with the
albedo value of p = 0.2. It can be explicitly seen that the attitude alone
changes the position of the solar sail, and as o — 180° then the spacecraft
will approach ms for the specific 5 chosen.

6. Conclusions

In this paper it is shown analytically and by analysis that adding ARP
to SRP in the CR3BP significantly affects the solar sail dynamics as the
artificial equilibrium points are shifted considerably for a Sun-minor body
system. Artificial equilibrium points are found to exist on the Sun-side of
the minor body, in a previously inadmissible volume for equilibrium points
between the Lagrange point L; and the minor body, which enables novel
opportunities for solar sails. Hovering locations for closer observations are
possible in the vicinity of both L, and L, Lagrange points which may alleviate
mission operations.

By analytical analysis of local stability it is found that the equilibrium
points are unstable when ARP is included in the CR3BP. The equilibrium
points found to be Lyapunov stable exactly at the Rol boundary. The system
is found to be controllable in general for attitude angles as control inputs,

30



thus the solar sail may alter the orientation to enforce asymptotic stability
or even Lyapunov stability at the points of interest. It can be concluded that
linearization about the equilibrium points has to take the ARP forces into
account in order to have a well-defined framework for solar sail control in the
vicinity of a minor body with high albedo.

The findings are benificial for any spacecraft mission to distant planets,
asteroids or comets. For an asteroid or comet it is also important to investi-
gate other dominant perturbation effects. Future work may involve analysis
of periodic orbits around the artificial on-axis and off-axis equilibrium points,
transfers between equilibrium points, oblateness effects and elliptical models
for both the Sun-minor body and Sun-Earth-minor body systems.
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Appendix A. Background

The following content describes the derivations and results based on pre-
vious work in Mclnnes et al. (1994); McInnes (1999) and includes only solar
radiation pressure in the solar sail circular restricted three body problem
(CR3BP).

In the CR3BP, both the large and minor primary objects are treated as
point masses denoted as m; and msy, respectively, and the satellite mass ms
is assumed to be infinitesimally small. The relative sizes are denoted as
my > mg >> ms. The objects revolve around a common center of mass
which defines the rotating reference frame B: {X,¥y,Z} rotating with an an-
gular velocity wp/z with respect to the inertial frame Z: {11,52,%}. The di-
mensions are normalized such that the distance between the primary masses
ri2, the sum of primary masses m; + ms and the gravitational constant
G are all defined to be unity. The mass ratio of the system is defined as
i = may/(my + ms). The frame rotates once about the z-axis in 27 /w time
units. By definition, the angular velocity wg/z is equal to the mean mo-
tion and has also a nondimensional magnitude equal to unity. wg/z may be
expressed as

wp;g =w =12 (A1)

The position vectors for the solar sail with respect to m; and msy in the
rotating frame, as seen in Fig. 1, are defined as

ry = |(x+ )"
1=z +n)y 2 ) (A2)
ry=[(z—(1—-p)yz
In general the total force exerted on the solar sail is expressed as

However if F .. can be neglected, then the SRP force Fggrp is the only
force that needs to be considered and can be analyzed separately from the
gravitational force Fy. SRP is assumed to act on only one surface of the solar
sail. The detailed physics of SRP acting on a perfectly reflecting flat plate
are discussed in McInnes (1999). The expression for radiation pressure is as

follows

p- (A.4)

c
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where P is the magnitude of the radiation pressure force, c is the speed of
light and W represents the energy flux of the electromagnetic radiation that
creates pressure. Assuming the Sun can be modelled as a point source, the
energy flux varies proportionally with the inverse square of the distance from
the Sun. W can be written in terms of the solar luminosity £; and scaled by
the Sun-Earth distance Ry as

R 2
W =Wg (—E>
(&1
£
Wy =L
b 4 R%,

where Wg is the mean energy flux measured at the Earth’s distance from the
Sun, generally taken to be 1368Js 'm~2 at 1AU. The solar sail intercepts

F, srp
A

Solar Sail Fsrp

o
— —> Fisrp

a, ¥
Figure A.1: SRP force exerted on a perfectly reflecting solar sail

photons of all possible frequencies, and reflect them in perfectly elastic colli-
sions. Therefore the momentum transfer force from incident photons creates
a reaction force of equal magnitude from the reflected photons. A solar sail is
an oriented surface such that the acceleration of the solar sail is a function of
the sail attitude. For a sail area A with unit vector n with direction normal
to the sail surface, the SRP force exerted on the sail due to photons incident
from 1; direction is given by
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where A(; - n) is the projected sail area in the @; direction. Fig. A.1 shows
a schematic of the physics acting on the solar sail. By Newton’s Third Law,
the reflected photons will exert a force of equal magnitude on the solar sail,
but in the specular reflected direction —1i,, i.e.

F,srp = —PA(4; - h)i, (A.6)

Since @; — @, = 2(1; - n)n, the total force Fgpp is then given by

Fsrp = 2PA({; - n)’n (A7)
o 2AW
FSRP - T(ﬁz : fl)2fl (A8>
Using Eq. (A.5), then the force may be expressed as
2AWy (Rp\’
Fonp = AV (—E) (8 - 1) (A4.9)
C 1
o AL
Fspp = —— (i, - 1)%0 Al
SRP omer? (G; -n)°n (A.10)

As shown in Fig. (A.1), the sail pitch angle & may be expressed as the angle
between the normal vector or sail attitude vector n and the incident radiation
vector 0;. Thus the acceleration due to radiation pressure may be expressed
as

cos® o (A.11)

a; =
2mcor?

where the solar sail performance may be parametrized by the total spacecraft
mass per unit area mg/A or commonly known as sail loading o. For a solar
sail in heliocentric orbit the direction of incidence of radiation 0; is defined
by the unit vector 1. Then the acceleration exerted on the solar sail may be
expressed as

a, = 5G;“ (# - 0)2h (A.12)

1

or in nondimensionalized form in a CR3BP system

a, — U ;2“) () - 1) (A.13)

1
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Knowing that t; is directed along the Sun-line and since the SRP force can
never be directed sunwards, the solar sail orientation is constrained to be
nonnegative (Mclnnes et al., 1994). Therefore the (-) term is the nonnegative

operator i.e.
(z) = r x>0
Y0 ifr<o0

The dimensionless sail loading parameter [ is the defined as the ratio of the
radiation pressure force to the solar gravitational force exerted on the sail,
otherwise known as the lightness number of the solar sail (McInnes et al.,
1994). This may be expressed as

where a
. 1
o* = D e (A.15)

where £, is the luminosity of the large primary object, where for the Sun it is
taken to be approximately 3.846 x 10?6 W. It is easy to see that a large 3 is
induced by large A/mg ratio, that means the larger the sail area is compared
to the mass, then the sail will experience higher acceleration a;. On the other
hand, the sail will have smaller § if area is smaller with fixed spacecraft mass.
Acceleration a; is also highly dependent on the sail orientation defined by
the (-) term.

The reduced vector form of equations of motion (EoM) for a solar sail
with r being the vector from the center of mass to ms can be defined in the
rotating frame as (Mclnnes et al., 1994)

F+2wxr+ VU =a, (A.16)

The state space form of the solar sail EoM may be written as a nonlinear
time-invariant vector differential equation

HEIFN (A17
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Based on the EoM this is written in explicit form as

r r
[r] o [al — VU — 2w x i‘:| (A.18)
At equilibrium r = r* then ¥ = 0 i.e. f;(r,u) =0 and ¥ = 0. Thus
0
0= [al B VU} (A.19)

In scalar form the three body potential U may be written as

g (1(1;2 Ly i ﬁ) (A.20)

2 1 T2

Stationary solutions require condition in Eq. (A.19). Then, with n being
oriented in the direction of a;, taking the cross product of n with Eq. (?7),
it follows that

VUxn=0=n=eVU (A.21)

where € is an arbitrary scalar multiplier. Using the fact that ||nljs = 1, then
e = ||VU|5", therefore requiring a stationary solution, then

vU

fi = (A.22)
VU2
U, o4 (l—uiéx—i-u) + u(x—ﬁgl—u))

With VU = 0 the five classical equilibrium points at rz,,7 = (1, ..., 5) can be
found as the system is reduced to the conventional CR3BP. However, when
including solar sail acceleration a; then new artificial equilibrium solutions
emerge.

The sail cone (pitch) angle, « and clock (precession) angle, 7, define the
sail attitude with respect to the coordinate system R: {f1, 1 X2, (F1 xX2) x T}
located on the solar sail center of mass. The pitch angle « controls the
magnitude of the radiation pressure force and the clock angle controls the
force direction. A schematic is shown in Fig. A.2. The angles may be written
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(f"l XEA:) KT
[[(F1x2) xF1]2

Figure A.2: Schematic of solar sail cone and clock angles

as .
- Hrl X VU“2

t = ——" A.24
WME= TR v (A.24)
I((F1 x 2) x 1) x (F1 x VU)||2
((f’l X 2) X f‘l) . (f‘l X VU)
The sail attitude with respect to ry can be defined as () — a/), and from using
trigonometric identities then

tany =

(A.25)

_|[F2 x VU5
ry - VU
([[£1 X Poll2) (1 - VU) — (81 - £2)([|F1 X VU][2)
(B1 - £2) (1 - VU) + ([[B1 X 2[l2)([|F1 x VU|2)

tan(y — «)
(A.26)

The solar sail orientation can be expressed in terms of the components of n
with respect to the rotating frame (Mclnnes, 2000). The scalar components
of n corresponding to the directions X, ¥, Z are

cosa(z+pu) sinacosy(z+ pu)z  sinasinyy
Ny = —

(A.27)

(1 [(ry x 2) X 1| 1 X 2|2
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_ cosay sin a cos yyz sin asiny(x + )

n, = — — — A28
VST o xa xnl | o x4l (4.28)
n, — CO802 sin av cos ’y(yA2 + (x4 p)?) (A.29)

1 H(I'l X Z) X I'1H2

where

Ir1llz = r1 = V/(x + p)? + 3% + 22, (A.30)
||I‘1 X 2”2 = (,I + /L)Q -+ yQ, (A31>
vy x 2) X rilla = V(2 + 0222 + 9222 + (r+ )2 +¢2)%, (A32)

With the solar sail orientation angles defined, then the effects of a solar sail
may be added to the scalar EoM in the CR3BP. The solar sail acceleration
may be expressed in scalar components with respect to rotating coordinates

as
]_ _
a1z = ﬂ# cos? an (A.33)
T
1—
a1y = 5(7"—2M) cos® an, (A.34)
1
1—
ar, = 6( 2#) cos? an, (A.35)
5

Thus the compact scalar form of solar sail EoM added with SRP are of the
form

P =2 =—U, + ay, (A.36)
i+ 20 = —U, +ay, (A.38)
f=—U, +a., (A.37)

Equilibrium solutions are created when the left hand terms are zero, or equiv-
alently when the SRP acceleration balances the gravitational acceleration,
ie. VU = a;. Evaluating Eq. (A.20) and taking the scalar product of
Eq. (A.19) with n, and requiring to be at equilibrium solutions, the solar
lightness number may be expressed as

r?  VU-n
(1= p) (- 1)?

The classical solutions without solar sail correspond to the subset § = 0.

8=

(A.38)
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With 8 > 0 a particular equilibrium solution on a given surface is defined by
the sail cone and clock attitude angles in Eq. (A.24) and Eq. (A.25).

Evaluating the gradient of the potential U for the condition t; - = 0 or
equivalently #1 - VU = 0, as a result of n being defined in Eq. (A.22), a
function S(ry,re) = 0 is obtained as follows

—p 4+ Ut u(x?g*u))

i 2
ri- VU =[(z+p)y 2] - —y—i—w—k’j—g

i
A-pz | pz
=t

(1 = p) (x4 p)* N p(x — (1 —p)(z + p)

7,.3 TS
1 2
1—py® | ple = (1 =p))y*  (1—-p)2’
y2+( 3) it (3 Dy ( 3)
1 T2 1
— (1= 2
Gl G D)
r

=—x(x+p) -y’ + (1;%@ (x4 p)?+y° + 2%

1% 2 2
g(@—(l—u))(xw)w +27)
1— 2 .
:—x(x+u)—y2+( £>T1+#r13r2:0
1 Ty
1-— r{-r
= S =x(r+p)+y° — M—/L132 (A.39)

which defines regions where the solutions may exist and creates two topologi-
cally disconnected boundary surfaces. Not only do the five classical Lagrange
points lie on these surfaces since they are solutions to VU = 0 but, in gen-
eral, the sail loading surfaces also approach the boundary asymptotically as
B — oo since ¥; - VU — 0. It can easily be seen that S(r;,ry) does not
explicitly depend on SRP, but it depends on the sail position. In the free
areas the equilibrium points indicate that the solar sail is in tension between
SRP and gravitational forces but in forbidden areas this may not happen
and one force dominates the other for any orientation or solar sail lightness
number.
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Appendix B. Second Partial Derivatives of the On-Axis Pseudo-
Potential

The scalar expressions for the second partial derivatives of the pseudo-
potential U are given here.

L—p  p 30 —p)(x+p)?  3u—(1—p)

_q _ K B.1
R T S S (-
31 —p)(@+py  3Bulz—(1-p)y
Upy = ( - + ( = (B.2)
1 2
3(1 — + 3 —(1—
! u)gx wz  3pl (5 1)z (B.3)
Ty ry
31—z +py | 3Buplr—(1-p)y
e M0y St = (1= ) -
1 2
L—p o 30— py* | 3uy?
U, =1— - = B.5
S B R B o)
3(1—p)yz  3uyz
Uyz = ( 5 ) + 5 (B6)
T 3
1— .
U _3( u)gx )z 3pl (5 1))z (B.7)
1 T3
3(1 —wyz  uyz
Uy = ( = ) +— (B.8)
1 T2
L—p  p 3(1—p)2®  3uz?
Use = = RET:} 5 5 (B.9)
1 ra 1 3
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Appendix C. Partial Derivatives of the Solar Sail SRP Accelera-
tion Terms Relative to Position

The scalar expressions for the second partial derivatives of the solar sail
acceleration a; with respect to position (assumed that solar sail cone and
clock angles, « and ~, are independent of position) are given here.

1-— 2(x + w)ny  cosa(y® + 22
- g 2#) cos? a( 2 2#) N (y3 )
71 71 LT

sin acsin yy(x + p) n sinacosyz((z + p)* — y?2% — y4)> (C.1)
vy > 213 [(r1 x 2) X |3 '

1-— 2yn, cosa(xr + sin asin y(x + p)?
- :5( 2#) 008204(— yna _ (3 Wy ’Y(A 3 1)

Ty 1 A1 vy % 2|3
sinacosy(z + pu)yz(2(z + p)? + 2y* + 22))

I(ry x 2) >3

(C.2)

a1,zz =p 2 2 3
(51 (51 1

_ sinacosy(z +p)((z + 1)2 + 12)?
[(r1 x 2) x r¢[[3 ) (C.3)

1—- 2zn,
(1—p) cos? a( _ 2zn, cosa(r +p)z

1— 2(x + p)n cosa(x + sin o sin vy2
- :5( 2#) cos2a(— ( 2#) y (3 my 7y

Ty i AT vy x 23
sinacos y(z + pu)yz(2(x + p)* + 2y* + 22))

[(ry % 2) x 1|3

1-— 2yn cosal(x + u)? + 22

o =805 o - 2 el

71 U5t 1

sinasinyy®  sinacosyz((w + p)*(2* + (v + p)?) — y4)) (C.5)
vy > 213 [(r1 % 2) x 1|3 .

(C.4)
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1—p 2zn cos azy
al,yzzﬁ( 3 )cos2a(— zy— 3

1 1 1
_ sinacos vy((x + p)? + y2)2)

||(I'1 X 2) X I'1||§’
1— 2 2
(1—p) o a( B (x + p)n _ cos alz+p)z

A1,z :6 2 2 3
T ry ry

sinacosy(z + p)2?((z + p)? + ?JZ)>
||(I‘1 X 2) X I'1||%

(I—p) o 2yn,  cosayz
A1 4y = cosa| — —
1y = r2 r? 3

sin acos yy22((x + p)* + yg))
[(r1 x 2) x ri][3

A1,z :/8 2 COS™ @ 2 3
T T 1

sinacosyz((z + p)? + y2)2)
||(I'1 X 2) X I‘lH%

1—p) (_ 2zn, N cos af(x + p)? + y?)
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Appendix D. Partial Derivatives of the Solar Sail ARP Accelera-
tion Terms Relative to Position

The scalar expressions for the second partial derivatives of the solar sail
acceleration ay with respect to position (assumed that solar sail cone and
clock angles, « and ~, are independent of position) are given here.

- B(l - ﬂ?j%pp(cb) cos2 (1) — a) ( Az - 12+ ()N,
2 2

4 cos a(y®* +2?)  sinasinyy(z + u)
ry [y x 23

sinacosyz((x + p)* — y?z% — y?) (D.1)
(1 x 2) x ra[3 |
1—p depqﬁ dyn, cosa(r + p)y
s gL EO) 0 (e cosale + )
sin asin y(z + p)?
vy x 2[3
sinacosy(x + p)yz(2(x + pu)* + 2y* + 22)) (D.2)
[(ry x 2) % |2 '
1— u)d? dzn,  cosa(xr + p)z
e =g LT HEO) o ( _dena _ cosalw +p)
5 3 1
B sinacosy(z + p)((x + pu)* + y?)? (D.3)
H(I’l X 2) X rlH% ‘
1 — p)d2pp(¢ 4z — 1+ p)n
a27y:0 :/B( >42 ( ) COS2 (w - O{) - ( 2 ) s
T5 3
cosalx + p)y  sinasinyy?
r vy % 213
sinacosy(x + w)yz(2(x + p)* + 2y* + 22) (D.4)
[(ry x 2) x |2 ‘
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3.4y :5(1 ngﬂp(ﬁb) Cos2(¢ . a)(

2
cosa((z+ p)*+2%)  sinasinyy?

r vy x 2|13

sinacosyz((w + p)*(2* + (x + p)?) — y4)>
[(r1 x 2) x 113
(1 — p)d3pp(9)

dyn,

2
)

_ 4zn,  cosazy

B 20 _
a2, =P . cos” (¢ a)( 2 =
sinacos yy((z + p)? + y2)2>
[(ry x 2) x rqf3
1 — u)d? Lo — 14 p)n,
a2,z =0 ( Mznfpp(gb) cos*(¢) —a){ — ( r} .
4 2

cos oz + 1)z n sin avcos y(x + p)2*((x + p)* + yz))
r3 [(r1 x 2) x 113
1 — n)dBpp(o dyn, cosayz
iy :5( )42 ( )cos2(w—a) _ dyms _ cosa
5 3 1
sin a cos yy22((x + p)* + yz))

[(ry x 2) x rq]|3

a2,zz :6(1 - Mzﬂ(igpp(gb) COS2(Q/} . Oé) < . 42?2

2 "2
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Appendix E. Partial Derivatives of the Solar Sail SRP Accelera-
tion Terms Relative to Orientation

The scalar expressions for the second partial derivatives of the solar sail
acceleration a; with respect to orientation are expressed given here.

01 20 :5(1 — 1) Cosa( _ 3cosasina(z + p) N (1 — 3sin?a)sinqyy

7"% T ||I‘1 XZHQ

(1 3sin®a) cos (e + )2
[(r1 x 2) x 112 > (B.1)

0ty — 5(1 —2,u) cosa( _ 3cosasinay  (1-— 3sin® ) sinv(x—f—u)
L ™ ||I‘1 X Z||2

(1 — 3sin® &) cos yyz (£.2)
[(r1 x 2) X 112 '
11— 3 '
(1—p) cosa( _ 3cosasinaz

A1 za = ﬁ 2

(1 — 3sin® a) cos y(y? + (z + p)?)

- ) (£.3)

[(ry x 2) X 1|2

(E.4)

Gy — B(l —Zu) cos? a(sinacoAs Yy sinasin:y(x + ,u)z)
1 [r1 > 2] [(r1 < 2) X 112

(1—p) cos? a( _ sinacosy(z + p) sin avsin yyz ) (£5)

al, = 6 — —
. T vy X 2|2 [(ry x 2) X 1|2

(-m a( sinasiny(y® + (2 + u)2)) (E.6)

1,2y = 3 >
o ri [[(ry X 2) X1 [l
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Appendix F. Partial Derivatives of the Solar Sail ARP Accelera-
tion Terms Relative to Orientation

The scalar expressions for the second partial derivatives of the solar sail
acceleration as with respect to orientation are given here.

(1 — p)dspp(¢)

a2 za :6 ra COS(¢ - Oé)
2
((2 sin(¢ — a) cosa — cos(¢ — a) sinav) (z + p)
T

N (2sin(¢) — a) sina 4 cos(y) — a) cos a) sinyy
[y 2|2
(2sin(¢) — a) sina + cos(yp — ) cos ) cos y(x + ,u)z)
A (F.1)
[(r1 > 2) X 112

(1 — p)dspp(¢)

a2 ya :5

cos(v) — a)
2

((2 sin(y) — a) cos v — cos(yh — ) sinav) y
(&

(2sin(y) — a) sina + cos(¢p — ) cos @) siny(z + )
ey % 2|2
(2sin(¢ — o) sin v + cos(¢) — ) cos ) yz
- [(r1 X Z) xrq[5 )
(1 — m)d3pp(¢)

(F.2)

a2z20 = g, cos(¢) — a)
2
((2 sin(¢) — «) cos v — cos(y) — ) sin ) z
r1
_ (2sin(¢) — a)sina + cos(¢) — a) cosa) cos Y(y? + (z + ,u)Q))
[(r1 X 2) X 112
(F.3)
(= d3pp(e) sin av cos Yy
ra HE S oty ) (Y
sinasiny(x + u)z
CYCETDY, -
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(.4, :Bﬁ(l [?4d2pp(¢) COS2(”¢ _ Oé)(

2
sin o sin yy z )
[[(r x 2) x rq|2
(1 — ) d3pp(¢) ( sinasiny(y* + (z + u)2)>
Aoy = cos —a)| — — F.6
2,z ﬁ T% <¢ ) H(rl % Z) % I‘1||2 ( )

sin « cos y(z + )
[r1 > 2]

(F.5)

49



Appendix G. Derivation of Partial Derivatives of the SRP and

ARP Acceleration Terms Relative to Orientation

This section shows how the equations were derived in Appendix E and
Appendix F. Derivation of a;, and ay, with respect to each orientation
angle is shown.

al,xa -

g (1-—
£/B< 2 Q) cos® an,
225(1 — 1) COSZOé(cos a(r+p)  sinacosy(z + p)z N sin v sin yy
Ja 7'% 1 ”(I’l X Z) X rlHZ Hrl X 2”2
1 :
,6( 2@) —2cosasina<cosa(x+u) _smacos:y(a:+u)z
1 1 H(I'l X Z) X I'1H2

sinozsinyy) + cos? 04( _sina(r+p)  cosacosy(z 4 p)z

[r1 % 2|2 1 |l x 2) x 1)

COS (v Sin
+ —Aw)
[r1 X 2|2

(1 —p) ( 2cos? asina(z +pu)  2cosasin® acosy(r + p)z

st ||(I'1 X 2) X I'1||2

2cosasin®asinyy  cos?asina(z +pu)  cosPacosy(z + p)z

1 x 2] - 1 [(ry x 2) X 1l

3

cos” asin 7y>

1 x 2]
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(1—p) 2cosasina(r +p)  2sin® acosy(z + pu)z
=f-——F—Fcosa| — ~
Ty 1 |(r1 X 2) X rq]2

2acosy(x + p)z

[r1 X 2|2 | [(ry x 2) X 11|

2sinasinyy cosasina(x +p)  cos

cos? asin 7y>
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r? e
(—2sin®a + 1 — sin® a) cos y(z + p)z
: [0 % 2) x 1]l
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