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1. Introduction

Low thrust trajectories allow for very complicated, programmable thrust profiles
to shape the orbit. Also it is often desirable or necessary to only apply thrust at a certain
point in a trajectory such as at periapsis. The Trajectory Animator allows the user to
program complicated thrust profiles based on the position in the orbit (specified by true

anomaly or mean anomaly), and then see how the orbit develops over time.

Trajectory Animator is a Java applet that can be run from any windows browser
that supports Java. The HTML code for the applet will prompt a user to automatically

download the Java plug-in if it is not already installed on the user’s machine.

IL. Description

A. Main Window

The main window in the Trajectory Animator consists of several parts. The top
section contains the main control buttons to start/pause, define the initial orbit, define the
thrust profile, define the vehicle parameters, and to restart the animation/calculations.
The middle section contains zoom and speed controls as well as a button to show or hide
the history of the orbit, and a button to smooth the track data (at the cost of slower
performance). The bottom section contains the information pertinent to the orbit and a
status label that appears when the animation reaches an end point. The main window is
shown in Figure 1. The orbital information displayed include the semi-major axis (a), the
eccentricity (e), the orbital energy (E), the specific angular momentum (h), the orbital
period, the total elapsed time, the apoapsis (ra), the periapsis (rp), the true anomaly, the
mean anomaly, the magnitude of the position vector (r), the altitude (alt), the magnitude
of the velocity vector (v), the mass of the vehicle, the magnitude of the acceleration, and

the flight path angle (Phi).
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Interfﬂc:e

Orhit Thrust VYehicle

£00m Speed Tracks off
Smooth off

a=22316.2 km e=0.13
E =-9 km*2isect? h =193,542 km*2/sec
Period = 33,214 sec Elapsed time = 65,178 sec
ra=25313.2 km rp=19.379.1 km
True Anomaly = ¥8.49 deq Mean Anomaby = 63.91 deqg
r=21,385.7 km alt = 15,007.7 km
v =44 km/sec Mass = 889.3 kg
Acceleration = 0.8669 m/sect2 Phi = 7.2237 deq

Final distance Reached

Figure 1: Main Window

B. Trajectory Animation Window

The trajectory animation window shows the sun or planet, the starting orbit in
green, the final distance in red and the current position as a black circle. When the
animation begins, the path that the spacecraft follows is also shown in black, unless the
Tracks Off button is clicked to suppress them. A representative trajectory animation

window is shown in Figure 2.
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[E3 Trajectory Animation

Figure 2: Trajectory Animation Window

C. Orbit Definition Window

The orbit definition window is used to define the initial orbital parameters and the
final point at which the animation stops. A set of buttons allow the choice of the main
body in the system. The choices are the sun and any of the planets. The unit of length
can be changed from the default (meters). The initial orbit can be defined by supplying a
pair of orbital parameters. The choices for the parameters are the semi-major axis and the
eccentricity (a & e), the apoapsis and periapsis (ra & rp) or the apoapsis altitude and
periapsis altitude (ha & hp). If the desired starting point in the orbit is not at a true

anomaly of 0.0, it can be set to another value. The final position is entered as a radial
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distance from the center of the planet/sun (a & e or ra & rp options) or as the final

altitude (ha & hp option). The orbit definition window is shown in Figure 3.

[Ei Define Orbital Elements =] 3
) Bun 1 AU ® aand e

) Mercury ) feet ' raand rp

' Venus ' miles 1 ha and hp

@ Earth ) nautical miles a

) Mars = meters

) Jupiter ) kilometers =

) Saturn OK True Anomaky in degrees
() Uranus Cancel 0.0

' Neptune Final r

' Pluto

Figure 3: Orbit Definition Window

D. Thrust Definition Window

The thrust definition window is used to define the thrust profile over the course of
the trajectory. The thrust profile is based on the true anomaly or mean anomaly of the
spacecraft in orbit. Multiple thrust definitions can be pieced together so long as all 360
degrees are defined. The thrust direction and magnitude are linearly interpolated between
a starting and ending value specified by the user with the range of true (mean) anomaly.
The starting and ending thrust direction can be relative to the velocity or the position
vector. The angle is measured counter-clockwise from the vector, so -5 degrees relative
to the velocity vector points slightly away from the Earth in a circular orbit. Likewise,
+90 degrees from the position vector (defined from the center of the orbital body to the
spacecraft) is along the velocity vector for a circular orbit. The starting and ending
magnitude of thrust can be specified in N, mN, or Ibs. The thrust definition window is

shown in Figure 4.
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[Ei Define trajectory segments ] 3

True Anomaly Definition Thrust Angle Definition Thrust Magnitude Definition
(@ True Anomaty (@ Relative to Velocity Wector "N
i_ Mean Anomaly ) Relative to Position Vector ' mN
Starting Anomaly value in degrees Starting Angle in degrees il
0.0 | Starting thrust value
Ending Angle in degrees [ |
Ending A by value in degrees [ It
I | Ending thrust value
ok | | |

Figure 4: Thrust Definition Window

E. Vehicle Definition Window

The vehicle definition window defines the vehicle mass and the propulsion
system’s specific impulse (Isp) in seconds. The vehicle mass can be defined in kg, 1by,, or

slugs. The default values are 1000 kg and 3000 sec. The vehicle definition window is

shown in Figure 5.

i Define Vehicl... M=l E3

® kilograms
) Ibm

1 slugs
Enter mass of Vehicle:

Isp

oK

Figure S: Vehicle Definition Window

III.  Calculations
The program utilizes an iteration loop to calculate position, velocity, acceleration,

and mass of the vehicle, as well as the orbital parameters and the time elapsed. This data

is used to update the animation of the orbit and the orbital data listed in the main window.

Weglian — 8900 Project 5



A. Acceleration calculation

The acceleration due to gravity is calculated based on the distance from the center

of the body using Equation 1 [1].

i=-t7 (1)
r

Thrust is determined from the user-defined thrust profile. True (mean) anomaly
of the orbit is calculated and used to determine the applicable region of the thrust profile.
A linear interpolation between the minimum and maximum thrust is used to determine
the appropriate thrust magnitude. Similarly, the angle relative to the position vector or
the velocity vector as specified by the user is determined from a linear interpolation
between the minimum and maximum angle specified. The magnitude and angle are then
used to determine the vector for thrust. Equation 2 shows this interpolation scheme for
the angle using the true anomaly, v, as the independent variable, and Equation 3 shows
the interpolation for the thrust magnitude, T, using the mean anomaly, M, as the
independent variable. Which variable is actually used as the independent variable is

determined by the user’s selection in the thrust definition window.

Angle,,, — Angle

initial
Angle = v v (V _Vinitial) + Angleinitial (2)
final — YV initial
T, -T. ..
final initial
T = W(M - Minitial) + T;'nitial (3)
final — initial

Newton’s second law of motion is shown in Equation 4. Using the chain rule
leads to Equation 5. Typically this is reduced to Equation 6 with the assumption that
mass is constant. This is normally a very bad assumption to make for solving problems
involving rockets where the expulsion of propellant (and therefore a change in mass) is
used to produce the thrust. In this case, however, the time step used is so small that the

instantaneous acceleration follows the result of Equation 6. This method is presented in
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Reference 2. The mass of the vehicle will be calculated for the next time step, so the

effect of the changing mass is taken into account by the numerical integration scheme.

_ d(mv)

r= dt @

7-dmg, AV, 5)
dt d1

T =ma (6)

The total acceleration on the vehicle is the vector sum of the acceleration due to

gravity and the acceleration from the thrust imparted by the vehicle’s engines.
B. Velocity and Position Calculations

The velocity is calculated by integrating the acceleration as shown in Equation 7.

The numerical approximation uses a finite time step, At, and approximates the

relationship as shown in Equation 8.
v = [adt (7)

7 =7, +dAt (8)

Similarly, the position is calculated by integrating the velocity as shown in Equation 9,

and the numerical approximation is shown in Equation 10.
7= f vdt 9)

F =T + VAt (10)
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C. Mass and Time Calculations

The mass flow rate of propellant expelled is determined from the specific impulse
and the thrust as defined in Equation 11 where g, is the gravitational acceleration at sea
level on the Earth. The mass of the vehicle decreases as a function of time according to
Equation 12. The numerical approximation of the final mass is given in Equation 13.
Note that in these equations, m isthe propellant mass flow rate and not the rate of
change of mass of the vehicle. The rate of change of mass of the vehicle is the negative

of this number.

Igp=—ro (11)
mg,

m=m, —fn'1dt (12)

m =m, — mAt (13)

The final time is simply the initial time plus the time step as shown in Equation 14.

t=t, +Al (14)

D. Determination of the Time Step

During any particular iteration, the time step is initially the time step from the
previous iteration. The above numerical approximations are used to calculate the final
position and velocity of the vehicle. They are then calculated again using half that time
step two times. If there were no errors due to the approximations, the two solutions
should come up with the same answer, since the total time elapsed for both cases is the

same. Comparing the two solutions gives an estimate of the error in the calculations. If
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this difference exceeds the tolerance (1x10™ times the smaller of the initial periapsis or
final distance from the center of the body), the time step is reduced. If the difference is
less than half of the tolerance, the time step is increased. In this way, the magnitude of

the error is always kept relatively constant.
E. Determination of the Orbital Elements

The orbital elements are determined from the position and velocity vectors of the
spacecraft and the gravitational parameter, u, of the body which is being orbited. The
orbital elements are not used to determine spacecraft position or motion, but they are
used to determine the true and mean anomaly for the thrust profile. The orbital

mechanics equations all come from Reference 1.

The energy of the orbit, E, is calculated from the magnitude of the velocity vector

and the magnitude of the position vector as shown in Equation 15.
1, wu
E=—v -— (15)

The specific angular momentum vector, h, is calculated by taking the cross
product of the position and velocity vectors as shown in Equation 16. Only the

magnitude of h is used in the calculations.
h=Fxv (16)
The flight path angle, ¢, is determined from Equation 17. Since the cosine is
symmetric about the y-axis, the arc-cosine only determines the value from 0 to 180

degrees. The sign of ¢ is the same as the signas 7 *v.

h=rvcos¢g (17)
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The semi-major axis, a, is determined from Equation 18.
a=-+- (18)
The semi-latus rectum, p, of the orbit is found by Equation 19.

h2

p=-— (19)
u

The eccentricity, e, can be found then from Equation 20. Numerical inaccuracies
can cause p/a to be greater than 1.0, even though this is a non-physical result. If this is

the case, e is set to 0.0.
e=J1-£ (20)
a

The periapsis, r,, and apoapsis, r,, are found from Equations 21 and 22,

respectively.
r,=a(l-e) (21)
r,=a(l+e) (22)

From the definition of specific angular momentum, the velocity at periapsis, vy,

and the velocity at apoapsis, v,, can be found from equations 23 and 24.

v o=— (23)
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Vo o=— (24)

The true anomaly, v, is determined by rearranging equation 25 to solve for v as
shown in Equation 26. If 7V isnegative, then the sign of v is negative. Due to
numerical inaccuracies, if the argument of the arc cosine in Equation 26 is greater than
1.0, v is set to 0 degrees, and if it is less than —1.0, v is set to 180 degrees. Note that v is

not defined for a circular orbit, so for any orbit with a sufficiently small e, v is set to 0.

po_ P (25)
1+ ecosv
P
v =cos L — (26)
e

The period is calculated by Equation 27.

. 2 2
Period = T a? (27)

u

The calculation of mean anomaly, M, depends on the type of orbit. The mean
anomaly, similar to the true anomaly, is not defined for a circular orbit, and is therefore
set to 0 in this case. The equations for calculating mean anomaly are taken from
Reference 3. For an elliptical orbit where 0 <e < 1, M is given by Equation 28 where the
parameter u is given by Equation 29. For a hyperbolic orbit, where e > 1, M is given by

Equation 30 where the parameter u is given by Equation 31.

M =u-esinu (28)
U= COS_l w (29)
1+ ecosv
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M =esinhu —u (30)

u = cosh™ £V (31)
1+ ecosv

IV.  Java Programming
A. Object Oriented Programming

The Java programming language uses object-oriented programming. The code is
written using multiple classes, which define how the data is used and manipulated. An
object is a collection of data belonging to a given class. For example, one class used in
the Trajectory Animator is the MyVector class. (Java has it’s own Vector class which is
not related to 2D vectors) In this class, there are class methods that can manipulate the
data contained in the MyVector object. Position and velocity are two objects of the
MyVector class used in the Trajectory Animator. The MyVector class contains methods
that can be used to calculate the dot product, cross product, or addition of two MyVector
objects as well as several other useful functions. This style of programming allows the
programmer to create a library of useful tools (the classes) that are easy to manipulate to
produce the desired outcome. The source code for all of the Java classes is presented in

Appendix A.
B. Animation

Java makes graphical user interfaces extremely user friendly, including animation.
In order to animate the orbits, it was necessary to convert the orbital coordinates to pixels
on the screen. The geometric modeling techniques, a series of affine transformations, are
given in Reference 4. First, the center of the orbital picture is moved to the origin. Then

the coordinates are scaled to the proper dimension (which can later be changed by a
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scaling factor set by the user with the zoom slider bar). Next the picture is translated so
that the center of the picture is in the center of the window, which is how it is displayed.
The same transformations are applied to the orbital body, the initial orbit, and the final

position.

V. Verification

A. Orbital Progression

Simply animating an orbit without any thrust applied demonstrates the accuracy
of the orbital progression. The green orbit in the trajectory animation window is
determined by plotting 1000 points of the orbit based on the initial orbital parameters.
For orbits that are not highly elliptical, the error is typically so small that it is hard to
distinguish any difference between the two paths. The change in the orbital parameters in
the main window is a better indication of the error. If there were no error, the orbital
parameters would remain constant. Typically, the specific angular momentum does not
change at all. For the case of a = 15,000 km about the Earth and e = 0.3, the Energy is
1% off after 7 complete orbits.

B. Thrust Application

Thrust can be applied in any magnitude desired. Typically thrust is considered to
be “high thrust” which for calculations can be assumed to be nearly instantaneous or “low
thrust” where the thrust is applied continuously over a long period of time, usually with a
much more efficient (higher Isp) engine. The trajectory animator can simulate both types
of thrust profiles, although defining the true anomaly limits for a high thrust case is not

intuitive.
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1. High Thrust

As a test case, a sample orbit was created with a = 8000 km and e = 0.1. The
main window after this setup is shown in Figure 6. The orbital elements shown agree

with those calculated using Equations 13 through 25.

Interfﬂc:e
Orhit Thrust Vehicle
£00m Speed Tracks off
Smooth off
a = 8,000,000 m e=01
E = -24,912,500 m*2isech2 h = 56,186,404,049 m*2/sec
Period = 7,121 sec Elapsed time =0 sec
ra = 8,800,000 m rp = 7,200,000 m
True Anomaly = 358 deqg Mean Anomahy = 358.37 deg
r=7,2003988m alt = 22,3988 m
v =7.803.3 m/sec Mass = 1,000 kg
Acceleration = 7.6885 m/sect2 Phi = -0.1818 deqg

Figure 6: High Thrust Test Case Initial Status

A thrust of 10,000 N from an engine with an Isp of 460 sec is used in this test
case. The engine is on from a true anomaly of 358 to 002 degrees. (Note that in running
the program, since the thrust definition is always started at 0 degrees true or mean

anomaly, this is set in 3 steps: 0 to 2 degrees with 10,000 N of thrust, 2 to 358 degrees
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with zero thrust, and 358 to 360 degrees with 10,000 N of thrust. The orbit is started at a
true anomaly of 358 degrees. The thrust angle is defined as 0 degrees relative to the
velocity vector.) The results of this simulated burn are shown in Figure 7. The total
elapsed time is only 60 seconds, so this is a good approximation of an instantaneous burn
for AV calculations. The calculated change in velocity over this time is 8448.7 m/sec —
7803.3 m/sec or 645.4 m/sec. The calculated change in mass is from 1000 kg to 866.3
kg. The ratio of initial mass to final mass is 1.154. Using Equation 32, the rocket

equation, the calculated ratio is 1.154, which is equivalent to the calculated value.

—L = & (32)
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Interfﬂc:e

Orhit Thrust Vehicle

£00m Speed Tracks off
C Smooth off

a=10,133477.4m e=0.29
E =-19,667,484 m~2isec*2 h = 60,832,385,214 m#2/sec
Period = 10,152 sec Elapsed time = 60 sec
ra= 13,067 545 m rp=7,199,400.8 m
True Anomaly = 2.03 deg Mean Anomaby = 1.07 deqg
r=7,200427.9m alt = 822, 4279 m
v = 84487 m/sec Mass = B66.3 kg
Acceleration = 13.743 mi/sech2 Phi = 0.4565 deq

Figure 7: High Thrust Test Case Final Status

If the above test case is repeated using a very high Isp (1x10° sec), after a 60
second burn time, the velocity is 8404 sec (see Figure 8). This is equivalent to a 600.7
m/sec AV. The predicted AV using Equation 33 is 600 m/sec. Equation 33 is simply the
application of Equation 8, substituting thrust/mass for acceleration. In this case, since the
mass is constant, it is permissible to use this equation without the instantaneous

acceleration assumption using very small time steps.

At*T
m

AV = (33)
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Interfﬂc:e

Orhit Thrust Vehicle

£00m Speed Tracks off
C Smooth off

a="9.942 9671 m e=0.28
E =-20,044,319 m~2/sec*2 h = 60,510,446,155 m*2/sec
Period = 9,867 sec Elapsed time = 60 sec
ra=12,686,529.6 m rp=7,199,404.6 m
True Anomaly = 2.03 deg Mean Anomahy = 1.11 deqg
r=7,200,385m alt = 822,385 m
v = 8,404 misec Mass = 1,000 kg
Acceleration = 125723 misech? Phi = 0.4397 deq

Figure 8: High Thrust, Constant Spacecraft Mass Test Case

2. Low Thrust

The output of the Trajectory Animator was compared to two 4™ order Runge-
Kutta simulations of a low thrust trajectory [5,6]. These simulations included the
oblateness of the Earth, which the Trajectory Animator does not. In the simulations, a 10
kg spacecraft uses an engine with 1 N of thrust at a specific impulse of 3000 seconds.
The simulation required the spacecraft to move from a 7015 km circular orbit to a final
distance of 42235 km. In the simulation, the thrust was vectored 5 degrees clockwise

from the velocity vector for the first 8068 seconds, and then was vectored 2 degrees
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clockwise from the velocity vector for the remainder of the flight. In the simulation, the
elapsed time was 45,875 seconds and the final mass of the spacecraft was 8.44 kg.
Figure 9 shows a plot of this solution (1 DU = 6378 km).

This condition was simulated using the Trajectory Animator. The initial
conditions are shown in Figure 10. The thrust was defined to be 1 N, -5 degrees relative
to the velocity vector for all 360 degrees of the true anomaly. Once 8068 seconds had
passed, the simulation was paused, and the thrust redefined with the only change being
thrust applied -2 degrees from the velocity vector (Trajectory Animator references angles

counter-clockwise).

Y vs. X for 1 N Thrust

A APEENN
3 Y /
= 7 b4 SL-ZH\E;” pr/f> 3 z/a 7
M
. L
)
X (DUg)

Figure 9: 4th Order Runge-Kutta Solution

The final status of the orbital propagation is shown in Figure 11, and the
animation of the orbit is shown in Figure 12. The animation is almost identical to that in
Figure 9. A comparison of the results is shown in Table 1. As can be seen, the results
are very close. The difference in calculated time was only 591 seconds, which is only

1.3% of the Runge-Kutta solution value of 45,409 sec.
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[EiInterface

JJJJJ

e F"'"—|

Figure 10: 1 N Low Thrust Test Case Initial Settings
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E_, Interface

Orhit Thrust VYehicle

£00m Speed Tracks off
C Smooth off

a=110,264.9 km e=0.74
E =-2 km*2isect? h =139.921 km~2/sec
Period = 364,391 sec Elapsed time = 46,000 sec
ra=1923¥7.7 km rp = 28.152.2 km
True Anomaly = ¥7.47 deq Mean Anomahy = 10.19 deg
r=42,2851km alt = 35,907.1 km
v = 3.9 km/sec Mass = 8.4 kg
Acceleration = 0.1854 m/sech2 Phi = 32.0399 deg

Final distance Reached

Figure 11: 1 N Low Thrust Test Case Final Settings

Table 1: Comparison Between Runge-Kutta Code and Trajectory Animator, 1 N Thrust

4™ Order Runge-Kutta Trajectory Animator
Final Mass 8.43 kg 8.4 kg
Final Eccentricity 0.76 0.74
Propagation Time 45,409 sec 46,000 sec
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[E3 Trajectory Animation

Figure 12: 1 N Low Thrust Test Case Animation Window

Another case using the same conditions except 0.01 N of thrust was also run for
comparison. The comparison of these results to the higher order solution is presented in
Table 2. In this case, the difference in the time of flight is 3718 seconds, which is only
0.1 % of the Runge-Kutta solution of 4,150,840 sec. The final orbital parameters are
shown in Figure 13, and the animation is shown in Figure 14. In order to run this case
more quickly, the data was not smoothed, and this can be seen in Figure 14, but it does

not affect the accuracy of the calculations.
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[EiInterface

HER

Figure 13: 0.01 N Low Thrust Test Case, Final Results
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[E3 Trajectory Animation

Figure 14: 0.01 N Low Thrust Test Case Animation Window

Table 2: Comparison Between Runge-Kutta Code and Trajectory Animator, 0.01 N Thrust

4™ Order Runge-Kutta Trajectory Animator
Final Mass 8.58 kg 8.6 kg
Final Eccentricity 0.01 0.01
Propagation Time 4,150,840 sec 4,147,122

VI. Limitations

The Trajectory Animator works best for orbits that are not highly elliptical. All
orbits will see errors near the apoapsis where the acceleration due to gravity is smaller.

This error becomes pronounced for orbits with an eccentricity greater than about 0.6.
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Small numerical errors coupled with the small acceleration can accumulate and make a
significant change to the orbit. This is seen as the apoapsis in subsequent orbits is
reduced without any thrust applied. If an orbit is animated without any thrust applied, the

user can see after several orbits the magnitude of the error in the orbit.

For thrust definition, the true or mean anomaly must be specified between 0 and
360 degrees. For an elliptical orbit, this does not pose a problem, as all points on the
ellipse are contained in this range. For a hyperbolic orbit, however, the mean anomaly
extends from negative infinity to positive infinity, and the true anomaly is bounded by the
asymptotes, so it does not encompass all of the 360 degrees. If a hyperbolic orbit is used,
the thrust should be defined with true anomaly, and in the thrust definition, values must
be supplied for the values of true anomaly that will never be reached, even though the

program will not make use of them.
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