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SUMMARY

The development and optimization of liquid rocket engines is an integral part of
gpace vehicle design, since most Earth-to-orbit launch vehicles to date have used liquid
rockets as their main propulsion system. Rocket engine design tools range in fidelity
from very simple conceptual level tools to full computational fluid dynamics (CFD)
simulations. The level of fidelity of interest in this research is a design tool that
determines engine thrust and specific impulse as well as models the powerhead of the
engine. This is the highest level of fidelity applicable to a conceptual level design

environment where faster running analyses are desired.

The optimization of liquid rocket engines using a powerhead analysis tool is a
difficult problem, because it involves both continuous and discrete inputs as well as a
nonlinear design space. Example continuous inputs are the main combustion chamber
pressure, nozzle area ratio, engine mixture ratio, and desired thrust. Example discrete
variable inputs are the engine cycle (staged-combustion, gas generator, etc.), fuel/oxidizer

combination, and engine material choices.

Nonlinear optimization problems involving both continuous and discrete inputs

are referred to as Mixed-Integer Nonlinear Programming (MINLP) problems. Many

methods exist in literature for solving MINLP problems; however none are applicable for

XViil



this research. All of the existing MINLP methods require the relaxation of the discrete
variables as part of their analysis procedure. This means that the discrete choices must be
evaluated at non-discrete values. This is not possible with an engine powerhead design
code. Therefore, a new optimization method was developed that uses modified response
surface equations to provide lower bounds of the continuous design space for each unique
discrete variable combination. These lower bounds are then used to efficiently solve the
optimization problem. The new optimization procedure was used to find optimal rocket
engine designs subject to various weight, cost and performance constraints. The results
show that the new method efficiently solved the mixed-input optimization problem

without requiring discrete variable relaxation.
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CHAPTER 1

MOTIVATION

1.1 Historical Backaground

Liquid rocket engines are a core technology for the exploration and development
of space. These engines have played a mgor role in the United States (US) space
program since its inception. Liquid rocket engines provided the power used in the first
sounding rockets, intercontinental ballistic missiles, and the early manned and
interplanetary missions [1]. The use of liquid rocket engines is just as prevaent today

and they remain necessary for the continuation of assured space access.

Liquid rocket engine design began at the turn of the 20th century with the
pioneering works of Dr. Robert Goddard (Figure 1). Goddard, known as the “Father of
Modern Rocketry”, first began experimenting with liquid propellants for rocket engines
in 1909. Hisfirst liquid fueled rocket was launched on March 16, 1926. The flight lasted
amere 2.5 seconds but the age of liquid-fueled rockets had begun. Goddard moved to the
deserts of New Mexico to continue his work on liquid-fueled rockets. There he

pioneered the use of stabilizing fins and gyroscopes to help control his rockets. Most of



Goddard's work went unnoticed in the US. However, others noticed, most notable
Wernher von Braun. He took Goddard's plans from various literature sources and used

those as a starting point for the V-2 rocket [2,3,4,5].

Figurel: Dr. Robert Goddard

After WWII, the US rocketry industry began to evolve and grow. With the influx
of technology and man-power from Germany, many new rocket vehicles and liquid
rocket engines were developed. These new engines were used during different vehicle
programs such as the Redstone, Atlas, Thor and later the Apollo program. The current
state of the art liquid rocket engine, the Space Shuttle Main Engine (SSME), was
developed for the Space Shuttle program. The SSME is currently the only reusable,
booster-class, liquid rocket engine. Figure 2 shows three different liquid rocket engines
that represent the progression of engine design over the years. The MB-1, developed in

the 1950’'s for the Thor program, was a Liquid Oxygen (LOX)/ Kerosene engine capable



of producing ~170 klbs of thrust. The J2 was used on the second and third stages of the
Saturn V moon rocket. This LOX/liquid hydrogen (LH2) engine, developed in the mid
1960's, was capable of producing ~230 klbs of thrust. The fina engine shown is the
SSME. This 500 klbs class engine was developed in the late 1970's and also uses

L OX/hydrogen propellants [6].

Figure2: TheMB-1, J-2and SSME

Liquid rocket engines are categorized by their propellant combination and by their
engine cycle. The engine cycle refers to the means by which the rocket propellant is
moved from the vehicle' s tanks to the main combustion chamber of the engine. The fuel
and oxidizer should be at very high pressures (1000 — 3500 psia) when injected into the
main combustion chamber. This alows for more engine thrust and better engine
performance. Two broad classes of engine cycles exist. The first and simplest is the
pressure-fed cycle, where the propellants are stored at very high pressures in their
respective tanks and the high pressure drives the propellants to the main combustion

chamber. These types of systems tend to be limited to low impulse applications.



The second class of engine cycle is the pump-fed cycle. Here, the propellants are
stored at relatively low pressures in their propellant tanks (~ 30 psia). This allows for
much lighter tanks and therefore less overall vehicle structural mass. However, the fuel
and oxidizer must now be pressurized in order to be injected at high pressures into the
combustion chamber. This pressurization is accomplished by using a grouping of
turbopumps, mixers, heat exchangers, pre-burners and feed lines called a powerhead.
These components work together to pressurize and move the propellants into the
combustion chamber. The turbopumps are powered by hot gases obtained by routing
propellant through heat exchangers lining the main combustion chamber and nozzle or by
using the hot gases resulting from combustion in a preburner. The source of the hot gases
for the turbines is the main parameter that defines the different types of pump-fed engine
cycles. Since this research deals with larger thrust class engines, only pump-fed liquid

rocket engines will be further analyzed.

As space flight approaches 50 years of existence, vehicles are still relying on
many of the fundamental technologies developed at the dawn of the space era. Hence, all
operational space vehicles today still use rocket power as the primary propulsion means.
The vast mgjority of these vehicles choose liquid propellants over solid propellants
because of the associated increase in engine performance. Escaping Earth’s gravity and
placing objects in orbit is a difficult challenge. The benefit of using rocket propulsion is
that space vehicles can quickly accelerate out of the Earth’s sensible atmosphere and

therefore reduce the velocity 1osses occurred while reaching orbit.



There have been many efforts to develop vehicles for space access that do not use
rocket engines as their primary motive power. The most famous, and well funded, of
these programs was the National Aerospace Plane (NASP). The NASP was to be
powered by scramjets, a form of air-breathing combined cycle hypersonic propulsion.
The scramjet engines proposed for NASP were designed to be much more fuel efficient
than liquid rocket engines. After spending $1.73B over the life time of the project, the
goa of areusable single-staged to orbit (SSTO) air-breathing vehicle was never met [7].
Since the cancellation of NASP in the early 1990's the development and study of
hypersonic space vehicles has been relegated to design studies [8,9,10,11]. Many of
these studies show the promise of hypersonic propulsion, but it is highly unlikely that a
functioning hypersonic space vehicle will be built within the next 20 years. To reinforce
this fact, the next generation launch technology (NGLT) program, which is part of
NASA'’s space launch initiative, has focused it’'s near term research on technologies for
improving space access using liquid rocket engines. The NGLT program has called for
the development of the United States first reusable hydrocarbon fueled liquid rocket
engine, the RS-84 (Figure 3) [12]. The RS-84 will represent the first oxidizer-rich staged

combustion engine to be built in the US.

The mgority of satellites and probes are launched from the Earth using
expendable launch vehicles. These rockets, which are the descendants of the first
intercontinental ballistic missiles, amost aways use liquid rocket engines during their
ascent. The desire of the expendable launch vehicle community is to have a fuel

efficient, cheap and easy to manufacture engine since it will be discarded after every



flight. The current generation of expendable launch vehicles are called the Evolved
Expendable Launch Vehicles (EELV). The two EELVSs currently being produced are
Boeing's Delta IV and Lockheed Martin’s Atlas V launch vehicles. While both of these
rockets use variations of Pratt & Whitney’s LOX/LH2 expander cycle motor, the RL-10,
as their upper stage engine, the first stage engines vary greatly. The Atlas V uses a
Russian built RD-180 LOX/hydrocarbon staged combustion engine, while the Delta 1V

uses a LOX/LH2 gas-generator engine, the RS-68.

Figure3: RS-84 Engine

There is a continuing need for the development of new and improved liquid
rocket engines. Their use is just as prevaent today as it has ever been. However,

different engine applications use different metrics by which to measure “improvement” in



an engine design. For an engine being used on a man-rated system, reliability is the
dominant factor. For expendable vehicles, cost might be the overwhelming factor. In
reality, the design metric chosen will most likely be a combination of performance,

weight, economic and safety requirements.

1.2 Design Environment

The design process for most systems, including liquid rocket engines can be
divided into three design phases, conceptual, preliminary and detailed design [13].
Conceptua design is the most free form design phase where the design is initialy being
formed. Addressed during this time are the design options, requirements, and other top-
level design choices. If the conceptua design phase produces a feasible product the
preliminary design phase begins. Here, mgor design changes are frozen and more
detailed analysis and work is done to limit the uncertainty of the design. After the
preliminary design phase is complete the detailed design phase begins. Now all the
individual components must be developed along with all the requirements for the tooling
and fabrication process. The performance metrics are also finalized in the detailed design

phase [13].

The application of this work will be in the conceptual design phase of rocket
powered space vehicles. To design these vehicles, various individua disciplines are

combined in a collaborative, multidisciplinary design process. These disciplines include



aerodynamics, flight mechanics, structural and weight analysis, propulsion, cost,
operations and reliability. This combination forms an integrated design team where each
team member is responsible for a specific discipline. Team members execute an
individual disciplinary analysis tool, and these disciplines are coupled in an iterative
conceptual design process in which information about each candidate design is
exchanged between the disciplines until the vehicle's design converges. The design
process is most conveniently represented by the design structure matrix (DSM) shown in
Figure 4 [14]. Design structure matrices are useful because they show the coupling
between the various disciplines used in the design process. Each box in the DSM
represents a specific discipline and is called a contributing analysis (CA). The feed
forward links on the top of the CAs show where information must be fed downstream in
the design process. The feed back links underneath the CAs show information that must
be relayed back upstream in the design process. These feed back loops cause the design
process to be iterative. Some CAs are more strongly coupled than others, with the
strongest coupling occurring between the propulsion, trgjectory, and weights and sizing
disciplines. Typically 6-8 system level iterations are required to get a converged vehicle

design.

Since the propulsion discipline is in the main iteration loop, it must be executed
many times to get the final vehicle solution. This makesit desirable to not have to spend
a lot of time executing the propulsion discipline so vehicle designs can be completed
quickly. If one wishes to optimize the propulsion design inside the iteration loop, a

problems exists. Typical propulsion design tools have both discrete and continuous



inputs. Most deterministic optimization routines can only handle continuous variables.
Therefore, this optimization routine would have to be run for each discrete input variable
combination in order to determine the optimal engine design. The result is that the
engine design code must be run many times to complete one analysis of the propulsion
discipline. If forced to optimize the engine design in this way, the design time constraint
will limit the tool choices for the propulsion discipline to very fast running propulsion
codes. Typicaly, low fidelity level design tools or meta-models of higher fidelity tools
would have to be used. Both of these choices increase the uncertainty of the propulsion
results. The lower fidelity tools make ssmplifying assumptions in an effort to decrease
computational time. Metamodels of higher fidelity tools have inherent inaccuracies

because of the error associated with fitting the model to the given data.
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If a higher fidelity code is used, there is typically little, if any optimization done
on the engine design. The design would either be fixed early in the iteration process by a
knowledgeable propulsion engineer, or only a limited search of the design space would
occur. The latter would be the case if the discrete variables, such as engine cycle and the
fuel/oxidizer combination are fixed, and then an optimization process is applied to the

continuous design space.

The ideal case would to be able to use a higher fidelity code for the propulsion
anaysis and still search the entire design space (including the discrete space) without
greatly increasing the design time. In order to do this, a new, more efficient optimization
approach is needed. This approach needs to be able to handle both discrete and
continuous variables and be able to find the optimal solution in an appropriate amount of

time.

1.3 Optimization Problem

Many different types of rocket engine design codes currently exist [15 - 20].
These range in fidelity and scope from simple, system level tools to high fidelity CFD
analyses. Thisresearch isfocused on applying optimization techniques to a liquid rocket
engine design tool that models the powerhead of the engine as well as determines the
engine' s performance. Given the current level of available computing power, this type of

engine analysis tool probably represents the highest level of fidelity suitable for a
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conceptual level design environment. The optimization of liquid rocket engine designs
using a powerhead analysis tool poses an interesting problem, because codes of this type
have both discrete and continuous design inputs. Traditionally, optimization schemes use
gradient information to guide the search of the design space [21]. This gradient
information is not available for discrete variables, so a non-traditional optimization

approach must be used.

The discrete inputs into the engine code include different material choices, the
fuel/oxidizer combination, the basic engine cycle, and variations of these cycles (i.e.
whether to use boost pumps, the turbine configuration...). The continuous inputs
common for every cycle include desired chamber pressure, nozzle expansion ratio,

propellant mixture ratio (oxidizer to fuel ratio by mass), and desired vacuum thrust.

Nonlinear optimization problems involving both discrete and continuous inputs
are caled Mixed-Integer Nonlinear Programming (MINLP) problems. The optimization
of arocket engine design using a powerhead analysis tool is an MINLP problem. Many
methods exist for solving MINLP problems. These include Generalized Bender's
Decomposition (GBD), Outer Approximation (OA) and its variants, and methods based
on a Branch and Bound (B&B) framework [22]. Unfortunately, none of the existing
methods will work for the problem presented here. The reason for this is the inability to

easily relax the discrete variables (evaluate at non-discrete settings).
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A new optimization scheme was developed to solve the problem of interest. The
new method finds the lower bound of the continuous design space for each discrete
variable combination. The solution of the lower bounding space will provide a solution
that is equal to or better than the solution of the true space. The discrete variable
combination with the most promising lower bound is solved for its optimum in the
continuous space using a traditional local nonlinear optimization method. This solution
of the true space is then used to determine what, if any, discrete variable combination
needs to be solved next in order to find the optimal solution. The lower bounds of the
continuous space for each discrete variable combination are found by fitting response
surface equations (RSE) to the gathered data and then modifying these equations using
underestimating techniques pioneered in global optimization. The underestimating

techniques turn the RSE into alower bound.

This new method has been applied to two different engine design codes. The first
proof-of -concept application was to a quick running rocket engine performance code on a
test problem involving two discrete variables (13 discrete variable combinations) and
three continuous variables. This proof-of-concept showed that the proposed method
solves the rocket optimization problem without requiring the relaxation of the discrete
variables. The final application was to a more detailed and hence slower running rocket
engine powerhead design code. This optimization problem involved three discrete
variables (110 discrete variable combinations) and four continuous variables. Again, the
method was able to efficiently find the optimal solution and did so within a time frame

appropriate for a conceptual design environment.

12



1.4 Goals and Objectives

The objective of this research is to develop an efficient optimization method that
is able to optimize designs that have both discrete and continuous inputs, without
requiring the relaxation of the discrete space. This optimization method will be applied
to a liquid rocket engine design code that not only determines the performance
characteristics of the engine, but also analyzes the engine's powerhead. A code of this
fidelity will allow a more complete analysis of the rocket engine because details about
specific engine components will be avallable. An existing liquid rocket engine
powerhead analysis code, PHATCAT, is available to the author [16]. For this research,
some current inadequacies in PHATCAT will be addressed. Also, inaccuracies in the
code will be mediated and the code’ s capability will be expanded to increase the number
of different engine cyclesit is able to analyze. Listed below are severa specific goals of

this research.

= Goa 1: Determine the applicability of existing optimization techniques.

A great deal of research has been conducted in the area of numerical optimization.
A portion of this research is dedicated to optimization methods designed specificaly for
problems with mixed-inputs (both continuous and discrete). The applicability of these
schemes to this research needs to be determined. Also, there are a plethora of nonlinear
optimization schemes that are designed for continuous variable inputs. Their usefulness

for this research also needs to be decided. Finaly, the performance of a baseline
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optimization method needs to be established to give a benchmark for future
improvements. The baseline method will use a nonlinear optimization routine to find the

optimum of the continuous variable space for every discrete variable combination.

= Goa 2: Develop a new optimization method that is able to solve mixed-input

problems where the discrete variables can not be relaxed.

The rocket engine powerhead design code that will be used for this research has
both continuous and discrete inputs. This code is unable to run when the discrete input
variable settings are not at one of the appropriate discrete values. Therefore, any new
optimization method developed for this research must not require that these discrete

inputs be set to a non-discrete setting.

= God 3: Use the new optimization procedure to obtain the same solution found by

the baseline method in a time appropriate for a conceptual design environment.

The new optimization method is intended to allow the use of the higher fidelity
powerhead analysis code in a conceptual design environment. To accomplish this, the
new method must be able to determine the optimal engine design, using a standard

desktop compuiter, in less than 2 hours of computational time during the design process.
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CHAPTER 2

BACKGROUND

2.1 Optimization Backqground

2.1.1 Local Optimization Methods

The area of numerical optimization deals with the problem of finding the

minimum or maximum of a particular objective function subject to various design

constraints. Many different optimization technigues have been developed and they are

applicable to various problem types. There are methods designed to handle functions

with multiple extrema and those that only guarantee finding a local optimum. Some

methods are able to handle design constraints directly, while others must be modified to

solve constrained problems. Optimization problems are typically presented in the

standard form outlined in Equation 1.
m}in F(X)
st. h(x) =0
9(x)£0
X £XEX,

Standard form for an Optimization Problem

15

(18)
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The function that is being minimized is called the objective function. There are
three different ways to represent constraints on the objective using standard form.
Constraints can either be represented as equality [ h(X)], inequality constraints [ g(x)], or

side constraints [21].

The type of classica numerical optimization problem that is of interest in this
research is the constrained optimization of a continuous function. Thisis one of the most
common optimization problems and there are many methods that speciaize in its
solution. In order for these methods to work properly several conditions are imposed on
the design space. First, as mentioned earlier, the design space must be continuous. This
is because these numerical optimizers must be able to obtain information about the
objective function and constraints at any place within the domain of the solution. Also,
most of the common constrained optimization methods require that the design space be
unimodal. If the design space is multi-modal, these algorithms will tend to terminate at
different extrema depending on the location of the initial starting point. Even with these
restrictions, these local optimization methods are very powerful and they will be used in
this research to find the optimum of the design space represented by the continuous input

variables.

Determining whether the current point being evaluated is an extrema is a critical
concept in optimization. For an unconstrained function this is a relatively simple task.
At an extrema, the gradient of the function with respect to the design variables will

vanish (Equation 2). However, this condition does not guarantee that the point is a
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minimum [21]. The signs of the eigenvalues of the Hessian matrix must aso be checked
(Equation 3). At the minimum of the objective function the values of the eigenvalues of
the Hessian formed by the second derivatives of this function will be positive (i.e. the

Hessian will be positive definite [23]).
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While the above conditions define the minimum of an unconstrained design, they
are insufficient to define the minimum of a constrained design space. The location of the
minimum of the objective function, as defined by the gradient and Hessian calculations

might not be in the feasible region of the design space (Figure 5) [21].
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Figure5: Constrained Optimum

In order to determine whether the current point is a constrained optimum three
conditions must be met [21]. These conditions, known as the Kuhn-Tucker conditions,
are outlined below. The geometric interpretation of the Kuhn-Tucker conditions is
shown in Figure 6 [21]. The first condition states that the current point must be feasible.
The second condition states that if an inequality constraint is not active, then its Lagrange
multiplier must be zero. The final Kuhn-Tucker condition implies that at the constrained

optimum there is no longer a feasible and usable direction in which to improve the
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design. For an unconstrained problem, this final condition simplifies to the gradient of

the objective is zero at the optimum.
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Figure6: Graphical Representation of the Kuhn-Tucker Conditions
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Now that the basic properties of numerical optimization have been established,
the features of three popular constrained optimization methods will be discussed. These
three methods are the Method of Feasible Directions (MoFD), Sequential Linear

Programming (SLP), and Sequential Quadratic Programming (SQP).

Method of Feasible Directions (MoFD):

The method of feasible directions is a popular numerical optimization scheme
[21,24]. Many different optimization codes include MoFD as a solution choice
[25,26,27]. The method of feasible directions attempts to directly dea with the design
constraints by finding search directions that improve the solution without violating the
constraints. This method attempts to search in a usable (decreases objective function
value) and feasible (no violated constraints) direction. The method essentialy tries to
follow the constraint boundaries until it reaches a point in the design space where there is
no longer a usable and feasible direction in which to proceed. This point should be the

constrained optimum.

Sequential Linear Programming (SLP):

Constrained linear programming problems are relatively simple and easy to solve

and many solution methods exist [28,29,30]. Sequential linear programming attempts to
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take advantage of this by solving the nonlinear optimization problem as a series of linear
programming problems [21,31]. The design space is linearized about an initial point and
this linear programming problem is solved for the approximate solution of the design
gpace. Then a new linear programming problem is formed around this approximate
solution and the process continues until the true solution is reached. In practice, move
limits must be placed on the design variables during the linear programming problem to

eliminate the potential that the problem is unbounded [21].

Sequential Quadratic Programming (SQP):

Sequential quadratic programming differs from the previous methods in the way
in which the search direction of the design space is formed. In SQP the search direction
is formed by using a quadratic approximation of the objective function and linear
approximations of the constraints. Many optimization techniques are available to solve
this quadratic direction finding problem [32,33]. After the search direction is determined,
the minimum of an augmented objective function is found along this direction. The
objective function is augmented by adding penalty terms to account for the design
constraints; therefore this search is not directly constrained. The process of finding a
search direction and then minimizing the augmented objective function along that

direction is continued until a converged solution is reached.
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Numerical Gradients:

The methods outlined above use gradients of the objective and constraint
functions to help solve the optimization problem. Analytical gradients of these functions
can be supplied if they are known. Alternatively, numerical gradients can be calculated if
analytical gradients are unavailable. This is the case for the current research and two
types of numerical gradients will be investigated. Numerical gradients are calculated by
taking the difference of function values obtained at points in the design space that are
dightly different from one another. For example, Equation 4 shows the formula for a

forward difference gradient. F(x) is the value of the function at the current design point
and F(x + h) is the function value at the point x + h, where h is the step size. Step sizes

are usually on the order of ~10°. As the step size is made smaller the approximation
error of the gradient decreases. However, if step sizes are made too small, computer
round-off error can become significant and cause an increase in the gradient calculation
error. Values on the order of 10°® represent a compromise between these two competing

factors. Equation 4 is derived by solving the Taylor series approximation of F(x+ h)

(Equation 5) to get F'(x) and then dropping the higher order terms.

F¢x) = F(X+hr3_ F(x) with error of Order (h) (4)
F(x+h)= F(x)+hF((x)+h7TFG(x)+h§3Fc(x)+m 5)
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The second numerical gradient option presented is a central difference gradient
(Equation 6). This gradient is formed by subtracting the Taylor series approximation of

F(x+h) from the approximation of F(x- h) (Equations 7 and 8). The centrd

difference gradient has one-tenth the error of the finite difference gradient for the same

step size, but it requires twice the number of function calls.

_ F(x+h)- F(x- h)

Féx)= o with error of Order (h?) (6)
F(x+h):F(x)+hFa(x)+“7fF«(x)+%3m(x)+... @)
F (- h)= F(0)- P+ Fe)- P+ ®)

2.1.2 MINLP Methods

The optimization problem posed in this research fals under the broad class of
Mixed Integer Nonlinear Programming (MINLP). Problems of this nature are found in
all classes of engineering and science [34,35]. The main thrust of work done in this area,
however, has been concentrated in the field of chemical engineering, specificaly in

chemical process/plant design [36-51], The coupling of the discrete and continuous
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variables, with their inherent nonlinearities, make MINLP problems hard to solve [22].

The standard form for MINLP problemsis shown in Equation 9.

minF (X, y) (92)
st. h(X,y) =0 (9b)
9(X.y)£0 (9¢)
X £XEX, (9d)
y1 Y integer (%)

Standard form of MINLP problems

In the above formulation, F(X,y) represents the objective function, h(X,Y)
represents equality constraints, g(X,y) represents inequality constraints, the X's are the
continuous variables, and the y's are the discrete variables. Typicaly the discrete

variables are reformulated and represented as binary variables as outlined in reference 22.

The main reason that MINLP problems are difficult to solve is that as the number
of discrete variables increase, any potential solution algorithm is faced with having to
solve alarge combinatorial problem in the y-space while at the same time coping with the
nonlinearities of the x & y-spaces. Several solution procedures for basic MINLP
problems will be discussed. These procedures all make the assumptions that the discrete
variables can be relaxed (i.e. evaluated at non-integer values) and that the objective and

constraint functions are convex. The three methods that will be mentioned are Branch
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and Bound (B&B), Generalized Bender’s Decomposition (GBD), and Generalized Outer

Approximation (GOA).

Branch and Bound:

Branch and bound agorithms were developed to solve mixed integer linear
programming problems but have successfully been employed for nonlinear problems.
This algorithm was one of the first developed to optimize problems involving discrete
inputs [52,53]. B&B agorithms are formulated as tree searches where the feasible region
is partitioned into subdomains and valid upper and lower bounds are generated
throughout the tree search. For MINLP problems the B& B algorithm starts by solving a
continuous relaxation of the problem at the root node. Information from this solution is
used to choose the discrete variables to branch on, and hence divide the computational
domain. These subdomains are explored and if the lower bound of aresulting subdomain
is not greater than the currently available upper bound, the remaining subdomain is not
explored because it will not lead to a better solution. In this way only a portion of the
design space needs to be investigated. The following example is given to further clarify

the Branch and Bound algorithm. It is taken from reference 22.

mi,n 2X1 - 3y1 - 2y2 - 3y3 (10&)
X,y

St. 2-%-Y1-Y,- Y3£0 (10b)

10x, +5y, +3y, +4y,- 10£0 (10c)

x 3 0 (10d)

Y Y2, ¥ =01 (10e)
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This problem has three binary variables, y;, y,, and y; and one continuous
variable, x;. The first step in the algorithm is to find the solution at the root node of the
Branch and Bound tree. This value is found by relaxing the binary constraints on the y-
variables and in this case solving the resulting linear programming problem. The value
of the objective at the root node is -6.8. This becomes the lower bound of the problem.
Next variable y; is branched on. Node one is then searched next providing a new lower
bound and branching variable. This process continues until node 3 is reached. Node 3
provides an upper bound on the solution because all of the binary variables have binary
values. The solution is now bounded between (-5, -6.667). Node 3 isn’t explored further
since the binary variables have values of either O or 1. Node 4 isinfeasible so the rest of
tree following that branch is ignored. Node 5 provides a new upper bound for the
solution which in now bounded by the interval (-6, -6.667). The only remaining node
that needs to be investigated is node 6. The solution of this node is greater than the
current upper bound, so the branch and bound algorithm is complete and the final
solutionis F(X, 7) =-6.0,ay1=1,¥,=0,y3=1, and x; =0. Thisexample used a depth
first tree search. There are many variations on the basic Branch and Bound algorithm and

details can be found in several other sources[54 - 61].
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F(x,y)=-6.8
y~[0.6,1,1]
% =0

y:=1

S F(x,y)=-6.667
F(x,y)=-50 y~[1,0.333 1]
y~[0’]"1] =0

X
% =0
y,=0 y.=1
F(x,y)=-65
F(x, 7):-6.0® _
y~[L105
y~[10,1] [ ]
x =0
1
Solution
F(x,y)=-05 Infeasible
y~[1.1,0]
% =0

Figure7: Branch and Bound Example

Generalized Bender’ s Decomposition:

Generalized Bender’s Decomposition was first introduced by Geoffrion [62]. He
generalized an approach first described by Bender in 1962 [63]. This method creates a
non-increasing sequence of upper bounds and non-decreasing sequence of lower bounds
for the solution of the MINLP. The upper bounds are easily found by fixing the discrete
variables to a chosen value and solving the resulting nonlinear programming problem

(NLP) in the continuous space only. This will either provide the optimal solution (if the
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discrete variables are at their optimal values) or an upper bound on the optimal solution.
The lower bounds are based on duality theory. This solution method is an iterative
process, where first the discrete variables are set to an initial value and an upper bound is
obtained. Then the lower bounding procedure calculates alower bound and also provides
the next set of discrete variables for the next upper bound. This sequence continues until
the upper and lower bounds converge to a desired tolerance. Algorithms of this type are
called decomposition algorithms. Additional information on GBD can be found in

references 64, 65, and 66.

Generalized Outer Approximation:

Generalized outer approximation is another decomposition agorithm used to
solve convex MINLP problems. GOA is an extension of the original outer approximation
method proposed by Duran and Grossman which makes it applicable to MINLP problems
with a nonlinear objective function and nonlinear equality/inequality constraints [67].
GOA is similar to the GBD algorithm described earlier. The difference between the two
is in the forming of the lower bounds. In GOA the lower bounds are formed by
linearizing the objective and constraint functions at the solution of the current upper
bounding NLP. The lower bounds are based on the accumulation of the linearized
objective and constraint functions at the various solutions of the upper bounding NLP.
These linearizations will provide a lower bound of the solution if both the objective and

constraint functions are convex. As more linearizations are added, the algorithm will

28



calculate a non-decreasing set of lower bounds of the objective function. Reference 68

provides the algorithm outlined below.

REPEAT
1 Solve the subproblem formed by fixing the discrete variables. (Use nonlinear

optimization scheme to find optimum of continuous space)

2. Linearize the objective and constraint functions about the solution obtained in
Step 1.
3. IF (Solution from Step 1 is Feasible & < Current Upper Bound) THEN

Mark the current solution as the best point and set the Upper Bound equal to
that value.

4, Solve the current relaxation M' of the lower bounding problem, giving new
discrete variable assignments y'** to be tested in the algorithm. Seti =i + 1.

UNTIL (Upper Bound = Lower Bound)

The lower bounding problem M' is formed by the accumulation of the
linearization of the objective and constraint values. If an infeasible upper bounding
problem is encountered, a feasibility problem is solved instead. The solution of the
feasibility problem is the values of the continuous variables that minimize the violation in
the constraints. A graphical depiction, of how adding more linearizations forms a
sequence of non-decreasing lower bounds, is shown in Figure 8. More details about

GOA areinreferences 69, 70, and 71.
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Figure8: GOA Lower Bound Formation

2.1.3 Lower Bounding Techniques

Nonconvex MINLP Methods:

Unfortunately, all of the MINLP methods described above will only work on
problems that are convex in nature. However, most engineering optimization problems
tend to behave in a manner that isn’'t purely convex. These non-convexities can cause all
of the aforementioned algorithms to terminate at non-optimal solutions. Severd
nonconvex MINLP schemes have been developed. These include branch and reduce
[72], nonconvex outer approximation [73], SMIN-aBB, and GMIN-aBB [74,75,76,77].
All of these methods employ convex underestimators to solve nonconvex MINLP

problems. Convex underestimators are convex functions that provide lower bounds of
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the nonconvex function they are underestimating. An example convex underestimator for

ageneric nonconvex function is shown in Figure 9.

Original Function
Convex Underestimator

v

X (Continuous Space)

Figure9: Example Convex Underestimator

A nonconvex function does not have a unique convex underestimator. In fact,
any valid convex underestimator will work for the solution procedures mentioned above.
However, these solution procedures will be more efficient the closer the convex

underestimator isto the convex envelope of the original nonconvex function.

Convex Underestimators:

Convex underestimators will be discussed further because of their use in the final
solution approach. These underestimators will be used to determine the lower bounding

equations of the continuous design space for each discrete variable combination. The
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lowering bounding equations will be formed by combining a metamodel of the
continuous space with an underestimator term. The meta-model used for this research is
a quadratic response surface equation which is already convex. Therefore, the lower
bounding properties of the convex underestimators are more important for this
application than their ability to convexify the design space. Reference 74 outlines severad
different convex underestimating strategies. Most of these are for underestimating
specific nonconvex terms found in the equation to be underestimated (bilinear, trilinear,
fractional, and concave terms). However, there is aso a general convex underestimator
that will be used for this research. Equation 11 shows the equation for this general

convex underestimator.

L(x)= f(x)+ én a; (XiL - X )(XIU - Xi) (11)

i=1

Here the function f(X) is underestimated over the entire domain [x", x] by the
function L(X). The a;'s are positive scalars and therefore the summation term in
Equation 11 is always negative. This guarantees that L(X) is an underestimator of f(X).

If the original f (X) is nonconvex, the values of the a;’s can be set so that L(X) becomes

convex. This is because the summation term in Equation 11 is convex and therefore all
the non-convexitiesin the original function can be * overpowered” with large enough a;’s.
A function is convex only if its Hessian matrix is positive semi-definite throughout the

design space, and the Hessian of L(X) can be related to the Hessian of f(x) using
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Equation 12, where D is a diagonal shift matrix whose diagona elements are the a;’s.

Equation 12 leads directly to Theorem 1 also from reference 74.
H (x)=H,(x)+2D (12)

Theorem 1: L(X), as defined in Equation 11, is convex if and only if
H,(x) + 2D = H,(X) + 2 diag(a;) is positive semi-definite for all

x1 [xt,%].

There are many methods available to determine the proper diagonal shift matrix
needed to form an L(X) which is a convex underestimator of a nonconvex f(x) [78].
However, in this research the a;i’s need to be set to values which turn the convex meta-
model of the continuous design space for each discrete variable combination into a lower
bounding model of each discrete variable combination’s true continuous design space.
Therefore, a new approach was developed to find the required a;’s. This approach will

be outlined in Chapter 5.

2.2 Rocket Engine M odeling

2.2.1 SCORES Background

The SpaceCraft Object-oriented Rocket Engine Simulation (SCORES) is a tool

that was originaly developed at The Georgia Institute of Technology to perform
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conceptual level “quick-look” trade studies of liquid rocket engine performance
characteristics [15]. The code has since been updated by John Bradford of SpaceWorks
Engineering and this updated version was used for the proof-of-concept application for
the new optimization method [20]. SCORES has the ability to simulate rocket engine
combustion using various propellant choices. Available fuels include liquid hydrogen,
various hydrocarbons, as well as hydrazine. Oxidizers that can be used are liquid
oxygen, hydrogen peroxide, and nitrogen tetroxide. Additional inputs to SCORES
include the desired engine chamber pressure, the oxidizer to fuel ratio of the propellants,
the nozzle expansion ratio, and the desired vacuum thrust. However, SCORES is not a
powerhead analysis code. It uses efficiencies on the thrust and |, calculations to account
for the different engine thermodynamic cycles. SCORES simulates the combustion
process in the main combustion chamber as an adiabatic, constant pressure equilibrium
calculation with the assumption that all of the species involved behave as perfect gases
[15]. To calculate the equilibrium composition exiting the combustor, SCORES
minimizes the Gibbs free energy of the mixture subject to mass conservation constraints
[79,80,81]. The method used to minimize Gibbs free energy is based on the method

described in reference 79.

Two different analysis methods are commonly used to calculate the equilibrium
composition at a specified thermodynamic state. These two methods are the equilibrium
constant method and the minimization of energy method. For the equilibrium constant
method, a specific set of reactions must be specified in order to determine the equilibrium

composition. The minimization of free energy method does not require this reaction set



and therefore this method was used in SCORES. Equilibrium can be defined using three
different thermodynamic properties. It is determined by maximizing entropy, or
minimizing either Gibbs energy or Helmholtz energy. For the current analysis, pressure
and temperature are used to determine the thermodynamic state of the composition inside
the combustion chamber and therefore it is appropriate to use the minimization of Gibbs

energy approach.

The inputs into the equilibrium analysis are the combustion temperature and
pressure and the number of atoms of each element present. For a specified list of
products, the equilibrium composition is one in which Gibbs energy is minimized at the
given temperature and pressure subject to a conservation of atoms constraint. For the
anaysis in SCORES it is necessary to determine the adiabatic flame temperature of the
combustor at a given chamber pressure. This is done by using a bisection algorithm
which iterates on combustion temperature until the enthalpy of the equilibrium

composition equals the initial enthalpy of the reactants entering the combustion chamber.

After the equilibrium composition and combustion temperature are found, the
nozzle is analyzed. First, the nozzle exit Mach number is determined. Severd
assumptions are made for this calculation. The expansion process is modeled as a steady,
inviscid, quasi-1D, isentropic process. Also, the flow is assumed to be either chemically
frozen or in equilibrium in the nozzle. In chemically frozen flow, the reaction rates of the
species in the nozzle are assumed to be zero. This implies that the composition of the

flow is “frozen” at the throat conditions throughout the nozzle. Equilibrium flow makes
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the opposite assumption that the composition in the nozzle has infinitely fast reaction
rates. Therefore, the flow composition is assumed to be at the equilibrium composition
associated with the temperature and pressure at the nozzle exit. The equilibrium
assumption alows for the occurrence of recombination reactions inside the nozzle and an
increased nozzle exit temperature. The exit temperature increases because recombination
reactions are exothermic and release energy back into the flow. Figure 10 shows a plot of
exit temperature versus expansion ratio for a 500 klbs, LOX/LH2 engine with an

oxidizer-to-fuel ratio (O/F) of 6.0 and a chamber pressure of 3000 psia.
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Figure 10: Exit Temperature (Frozen vs. Equilibrium Flow)

Since the recombination reactions release more heat to the flow and allow for

greater flow acceleration in the nozzle, the equilibrium assumption provides an upper
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bound on engine performance. The chemically frozen flow assumption gives a
conservative estimate of performance. True nozzle performance is somewhere between
that predicted by these two assumptions. The nozzle exit conditions obtained by
assuming either chemically frozen or equilibrium flow are used along with the chamber

conditions to determine engine thrust and specific impulse.

2.2.2 Engine Cycle Background

Two broad categories of pump-fed powerhead cycles are used to move the
propellants from their tanks to the high pressure combustion chamber. These are open
and closed cycles. In closed cycles, all of the propellant leaving the vehicle's tanks
passes through the throat of the engine. For open cycles, some of the propellant does not
pass through the engine' s throat. Open cycles tend to be less complicated because fewer
powerhead components are in series with each other, but they aso tend to have a lower
specific impulse when compared to an equivalent closed cycle. The open cycle that will
be included in this research is the gas generator cycle. The closed cyclesincluded are the
staged-combustion and the expander cycle. Representative flow paths for these cycles
are shown in Figure 11 [82]. Detailed discussion of rocket engine cycles can be found in

references 82, 83, and 84.
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Figure 11: Engine Power head Cycle Diagrams

Saged-Combustion Cycle:

The staged-combustion cycle has the highest potential performance of the three
cycles discussed above. It is able to provide high thrust levels while maintaining a high
specific impulse.  In staged-combustion engines, a preburner is used to combust

propellants to produce the working fluid needed to power the turbines. This preburner is
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typically a small combustion chamber that is operated either very fuel rich or very fuel
lean depending on the fuel/oxidizer combination and engine design heritage. The most
well known staged-combustion engine is probably the Space Shuttle Main Engine
(SSME). The SSME uses a fuel-rich dual preburner staged-combustion cycle. In this
cycle, the hydrogen fuel is used to regeneratively cool the engine nozzle and combustion
chamber. After the regenerative cooling, the majority of the fuel is sent to the preburners,
while a small fraction is used to power the fuel boost pump turbine. The fuel in the
preburners is mixed with enough oxidizer to produce the energy required to power the
turbines that drive the main fuel and oxidizer pumps. For the SSME the fuel preburner is
operated at a mixture ratio (oxidizer to fuel ratio by mass) of ~ 0.98 while the oxidizer
preburner operates at a mixture ratio of ~ 0.68 [83]. The main combustion chamber O/F
isnear 6.0. After the preburner exhaust gases exit the turbines they are injected into the
main combustion chamber with the remaining oxidizer flow. Since the turbines in a
staged-combustion cycle are in series with the main combustion chamber, the turbine
pressure ratios should be limited to 1.5 — 2.0 [85]. The turbine pressure ratio is the ratio
of the turbine inlet pressure to the turbine exit pressure (Equation 13). Since the turbine
pressure ratio is limited, the turbine inlet temperature must be relatively high to produce

enough turbine power to achieve high combustion pressures.

(13)
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Expander Cycle:

The other closed cycle to be modeled is the expander cycle. Examples of
expander cycle engines are the RL-10 family of upper stage engines made by Pratt &
Whitney. In an expander cycle, the hot gas used to drive the turbines is produced using
the heat transferred to the fuel while it is regeneratively cooling the nozzle. Expander
cycles tend to be power limited. This is because the turbine drive gases receive limited
energy from the heat transfer process and therefore lower chamber pressures are found in
expander engines. With a typica expander design, the available chamber pressure
decreases as thrust increases. This is because increased thrust brings an associated
increase in mass flow rate. This increased mass flow rate requires more power to
pressurize the flow to the required chamber pressure and decreases the turbine inlet
temperature if the heat transfer from the combustor remains constant. There are ways to
increase the heat transfer to the turbine drive gases as thrust and hence, fuel mass flow
rate increases. These include using different combustion chamber materials and
increasing the chamber dimensions, but there are practical limitations on these increases.
Making the chamber longer will increase the heat transfer, but the pressure drop through
the regenerative cooling passages will aso increase. The highest thrust true expander
engine currently being proposed isthe RL-60. This 50 klbs — 65 klbs vacuum thrust class
engine is under development at Pratt & Whitney [86,87,88]. Even with the limited thrust
constraint, true expander cycles have many advantages. They offer good |s,, are simpler

than staged-combustion cycles, have an inherently smooth start-up sequence, provide a
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benign turbine environment, and have lighter turbopump weights when compared to

staged-combustion or gas generator cycles.

An aternative to a true expander cycle is the split expander. Split expander
cycles offer the promise of a higher thrust engine with the same beneficial characteristics
of atrue expander. A split expander engine attempts to reduce the required fuel pump
power without reducing the available turbine power. The fuel flow is split after the first
stage of the main fuel pump. Part of the fuel is diverted to the main combustion chamber,
bypassing the regenerative cooling passages, while the rest of the fuel is pressurized by
the second stage of the fuel pump. This reduces the overall power requirements of the
fuel pump, since less fuel encounters the pressure drop through the regenerative cooling
passage, but also reduces the fuel flow through these cooling passages. The turbines now
have less working fluid, but since less fuel is used to cool the chamber and nozzle, the
turbine inlet temperatures increase. This increase in temperature offsets the decrease in
mass flow and therefore there is no theoretical decrease in turbine work potential. Since
the pump power has decreased without an associated decrease in turbine power, the
potential exists for higher chamber pressures at higher thrust levels. The amount of flow
that can be diverted and sent directly to the main combustion chamber without being used
to cool the engine is limited. There must be enough regenerative flow to assure that the
engine can still be adequately cooled without the turbine inlet temperatures increasing
dramatically. Pratt & Whitney has proposed the RLX split-expander engine as a
propulsion option for the 2™ generation launch vehicle program. The proposed engine

design had avacuum thrust level of ~ 350 klbs[89,90].
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Gas Generator Cycle:

The gas generator cycle is similar to the staged-combustion cycle in that it uses a
preburner to supply the turbine working fluid. However, a gas generator cycle is an open
cycle and therefore the turbine drive gases do not pass through the throat of the engine.
Many engines employ the gas generator cycle including the Vulcain 2 used on the Ariane
V and the F-1 engine used to power the first stage of the Saturn V. The preburner in a
gas generator cycle is usualy fuel rich to provide a non-oxidative environment for the

turbine blades. The mixture ratio of the preburner in a gas generator, as well as the
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staged-combustion cycle, is controlled in order to provide turbine drive gases with a
temperature that does not exceed the allowable turbine inlet temperature. Since the gas
generator is an open cycle, the turbine drive gases are not introduced into the engine's
main combustion chamber. They are usually expanded through a smaller separate nozzle
or introduced into the main nozzle to provide film cooling and alow for further
expansion. This causes a decrease in engine performance since the propellants used to
power the preburner are not fully expanded from the high chamber pressure in the
engine's nozzle. Since the preburner exhaust flow is not introduced into the main
combustion chamber, the turbine and chamber flows are not in series. This alows a
much greater pressure drop across the turbine so less mass flow is needed to produce a
given power level. Typical pressure ratios seen across gas generator turbines are on the
order of 4.0 — 8.0. If turbines are placed in series, the total pressure ratio across all the
turbines can be as high as 20 [85]. The performance decrease associated with gas
generator cycles is offset by their smpler design. This simplicity tends to yield engines

that are more reliable and cheaper to build and develop.

Variations exist for al the cycles discussed above. These include the use of boost
pumps, number of preburners, number of turbines, and whether the pumps and/or
turbines are geared. These variations lead to a large number of possible engine cycles,
with each one of these cycles representing a discrete variable choice in the optimization

procedure.
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2.2.3 Powerhead Code Backqground

There are many existing powerhead analysis tools. They typically use a modular
analysis approach, where individual engine components are modeled separately using
thermodynamic and other appropriate relationships and these separate modules are then
linked to form the desired engine cycle to be analyzed [16,18,91]. The main components
that must be modeled are the combustors (main and preburners), pumps, turbines, heat
exchangers, and the nozzle. PHATCAT isthe existing in-house Georgia Tech powerhead
analysis tool. Following is an overview of the analysis techniques used in the original
version of PHATCAT. In Chapter 3, specific modifications and additions made to

PHATCAT for the current research will be addressed.

Pumps:

Pumps are used to pressurize the fuel and oxidizer to pressures that are high
enough to achieve the desired chamber pressure. Every cycle modeled for this work
contains a least one fuel and oxidizer pump. Many of the cycles contain more than this
and most include boost pumps. The boost pumps are used for the initial pressurization
from the low tank pressures. These pumps produce a relatively small pressure increase
and their main purpose is to help prevent cavitation in the larger pumps. The inputs into
the pump analysis used in PHATCAT are the fluid pressure and temperature at the pump

inlet, the pump discharge pressure, and the propellant mass flow rate. The pump exit



conditions and power requirements are determined by comparing the operation of the real
pump being modeled to an isentropic pump. This is accomplished by applying an
efficiency (Equation 14) to the calculated isentropic pump work [92]. This efficiency is
supplied by the user and typical values are around 65% for boost pumps, 70% - 75% for
the main LH2 pumps, and between 75% - 80% for LOX and hydrocarbon main pumps

[83].

_ wor ki sentropic ( 1 4)
work

pump
actual

The first step in calculating the power required by the pump is to calculate the
isentropic work. The isentropic work is calculated by first setting the ideal exit entropy
equal to the inlet entropy. Then, thisideal exit entropy and assumed pump exit pressure
are used to lookup the ideal exit temperature in a propellant property database. The ideal
exit temperature and exit pressure are then used to determine the ideal exit enthalpy,
again by using a property database. The isentropic work of the pump is then calculated
by subtracting the ideal exit enthalpy from the inlet enthalpy, which is found using the
inlet temperature and pressure. The real pump work is calculated using the pump
isentropic efficiency and isentropic work, as shown in Equation 15. Once the real pump
work is known, the required pump power is simply calculated by multiplying the pump

work by the propellant mass flow rate (Equation 16).
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The efficiency of the pump isauser input, but empirical relations exist that can be
used to estimate pump efficiency if it is unknown. Reference 85 outlines a procedure that
uses stage-specific speed to determine pump efficiency. Stage-specific speed is a

similarity parameter used to characterize pumps and is determined using Equation 17.

aEHpo

S: N\/;S ?’ad/ lm/o (17)
¢

n 4 o

where: N, — pump rotational speed (rad/s)
Q — propellant volumetric flow rate (m%/s)
n — number of pump stages

— pump’s head rise (m)
The head rise is the height that a column of propellant would have to be in order

to have a pressure at the bottom of the column equal to the pump discharge pressure

(Equation 18). Reference 85 gives estimates for the total alowable pressure rise over a
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single pump stage for various propellants. These values can be used, along with a total
pump pressure rise to determine the required number of pump stages.

Pexit P

H :( B inlet) (m) (18)
g,f

p

For a given pump rotational speed, pump design, fluid flow rate and required head, the

pump efficiency can be determine using Figure 13 [85].
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Figure 13: Pump Efficiency vs. Stage-Specific Speed

If the pump rotational speed is not known, a stage-specific speed can be assumed

and Equation 17 can be used to solve for the pump rotational speed. Suggested values for
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stage-specific speeds are 2.0 for liquid hydrogen and 3.0 for other propellants [85].
Equation 17 can only be used to calculate the pump’s rotational speed if a boost pump is
present. If no boost pump is present, the lesser of the values obtained from Equations 17

and 19 should be used in order to prevent cavitation in the main pump.

0.75
no=U=NPSHTT ) (19)

JQ

where: Uss — Suction specific speed
Uss = 130 for LH2
Uss = 90 for other cryogens
Uss = 70 for other propellants

P.«-P
NPSH =% Y () (20)
gof

Equation 19 calculates the rotational speed of the pump based on cavitation
effects. The net positive suction head (NPSH) is a measure of the margin available in the
pump to prevent cavitation. More details about pump analysis and design can be found in

references 85, 93, 94.
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Turbines:

Turbines are used to provide the power needed by the pumps. The turbines are
driven by hot gases obtained by combusting some fuel and oxidizer in a preburner/gas
generator or from heat transferred to the fuel during the regenerative cooling process.
The analysis of the turbine in PHATCAT is similar to the pump caculations. The
required inputs into the turbine model are the working fluid inlet pressure and
temperature, the working fluid’s mass flow rate, its composition, the turbine pressure
ratio, and the turbine efficiency. The turbine pressure ratio was defined in Equation 13

which is repeated here for convenience.

(13)

As with the pump analysis, the isentropic work provided by the turbine is first
calculated and then this work is modified by the turbine efficiency to get the actual work.
The inlet pressure and temperature are used to find the inlet enthalpy and entropy. The
ideal exit entropy is then set equal to the inlet entropy and this ideal entropy along with
the defined exit pressure are used to find the idea exit temperature. The ideal exit
enthalpy can then be found using the exit pressure and ideal exit temperature. The ideal
exit enthalpy and the inlet enthalpy are then used to calculate the ideal turbine work.
This ideal work is adjusted by the turbine efficiency in order to obtain the actual turbine

work (Equations 21 & 22). Now that the actual turbine work is known, the power
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produced by the turbine can be found by multiplying this work by the working fluid mass

flow rate (Equation 23).

wWork....

= 21

turbine wor kisemropic ( )

wor kactual = hturbine (hin - houtS ) (22)
I:)('.’Werproduced =rmh turbine (hin - houts) (23)

As with the pump efficiency, if the turbine efficiency is unknown, it can be
estimated using empirical relations. The procedure to calculate turbine efficiency again
follows the analysis outlined in Reference 85. The first parameter that must be calculated
in order to determine the turbine efficiency is the turbine isentropic spouting velocity
(Equation 24). This is the velocity the turbine working fluid would have if it was

expanded isentropically from the turbine inlet conditions to the turbine exit pressure.

é Py
A I u g e
C, = |2¢,T&- | L U900 (g (24)
é T Ptrat g E
where: Ti — turbineinlet temperature (K)

Pra — turbine pressure ratio (Equation 13)
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The next parameter that is needed is the maximum allowable turbine pitchline
velocity. This velocity is afunction of the turbine inlet temperature and the turbine blade

material. Figure 14 shows data for allowable pitchline velocities versus inlet temperature

for various turbine blade materials [95].
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Figure 14: Pitchline Velocity versus Turbine Inlet Temperature

Once turbine pitchline velocity and isentropic spouting velocity are found, the
only remaining design decision is to determine what type of turbine to use. Most turbine
designs are limited to 2-rotors or less to reduce weight and complexity. For gas-
generator cycles, where large turbine pressure ratios are desired, a pressure compounded

turbine is usually used. However, if the inlet blade heights of the pressure compound
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turbine are too small a designer may be forced to switch to a velocity compound turbine
because they usually have taller inlet blades [85]. The reaction turbine design is typically
used in expander and staged-combustion engines. These turbines are designed for higher
pitchline to spouting velocity ratios, which are common in closed cycle engines because
of the desire to limit the turbine pressure ratio. The following figures, from reference 96,
allow the determination of turbine efficiency using the pitchline velocity, isentropic
spouting velocity, and turbine type. These efficiencies do not take into account losses
from viscous effects, friction, or leakage. Therefore, for large turbines, the efficiency
should be reduced by 5% and for small turbines it should be decreased by 25% [85].

Additional information about liquid rocket engine turbines can be found in reference 97.
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Heat Exchangers:

Heat exchangers are used in several places in an engine powerhead cycle. The
most obvious place is the use of a heat exchanger to regeneratively cool the engine nozzle
and main combustion chamber. For expander cycles, this heat transfer is what produces
the high temperature gas used to power the turbines. Also, the regenerative cooling
passages must transfer enough heat to the propellant to keep the nozzle and chamber
below their structural temperature limits. Another use for heat exchangers in an engine
cycle is to add energy to the small amount of propellant that is commonly used to

maintain the pressure in the main propellant tanks.

A heat exchanger is modeled in PHATCAT using the first law of
thermodynamics. The inputs into the heat exchanger analysis are the inlet pressure,
temperature and mass flow rate, along with the fluid pressure drop across the heat
exchanger, the efficiency of the exchanger, and the baseline heat transfer rate. The heat
exchanger efficiency is a measure of how much of the energy leaving the chamber and
nozzle flow is captured by the fluid in the exchanger. The energy capture is quantified by
the increase in fluid enthal py after it passes through the heat exchanger. Using the known
fluid inlet conditions, the heat exchanger exit enthalpy can be calculated using Equation
25. Then this exit enthalpy is used, along with the exit pressure, to find the fluid exit

temperature.

(25)



The heat transfer rate used in Equation 25 is not necessarily equal to the baseline
heat transfer rate input by the user. The baseline heat transfer rate is scaled depending on
the current main combustion chamber target. This scaling is done using an empirical

relationship outlined in reference 84 (Equation 26).

(26)

Combustors:

Two different combustion devices are use in engine cycles. The first is the main
combustion chamber which is usually operated at conventional mixture ratios. The other
combustion device is the preburners found in staged-combustion and gas generator
cycles. These preburners run either very fuel rich or fuel lean depending on the engine
cycle and propellant combination. Both of these combustion devices are modeled by the
same minimization of Gibb's energy equilibrium analysis used in SCORES. Severd
modifications to the standard equilibrium analysis had to be made for it to be able to
model both fuel rich and fuel lean combustion. The convergence of the equilibrium
product species concentrations is dependent on the initial guesses of those concentrations.
Therefore, for both the fuel rich and fuel lean combustion devices the product species
initial guesses were changed to better reflect the final solution. For fuel rich combustion,
the initial guesses for the concentrations of the more fuel oriented products were

increased. Similarly, for lean combustion, the concentrations of the more oxidizer
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oriented products were increased. More specific information about both main

combustion chambers and preburnersis available in references 98 and 99.

Flow Mixes and Splits:

Not all of the propellant leaving the vehicle's tank follows the same path to the
main combustion chamber. There are many instances where part of the main propellant
flow needs to be diverted or mixed together. For example, in the split-expander cycle
(Figure 12) the fuel flow is split after the first pump and the mixed back together after the
split flow has passed through the turbines. The flow splits are modeled in PHATCAT as
lossless devices. The fluid properties leaving the split are the same as those entering.
The amount of flow exiting each outlet of the split is determined by a split percentage
that isinput by the user. Mixers are also modeled as lossless devices and the mixer exit
enthalpy is found by taking the mass average of the input enthalpies (Equation 27). The

exit enthalpy and pressure are then used to determine the remaining exit conditions.

- r.hinlhinl + mnz hin2
m, +m,

h (27)
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Valves and Injectors:

Valves and injectors are both modeled as isenthal pic devices across which thereis

a large pressure decrease. The user specifies the pressure drop across the injectors and
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valves, and the exit temperature is then found by using the calculated exit pressure and
the inlet enthalpy. The pressure drop across an injector should be about 20% for
unthrottled engines and as high as 30% for throttled engines. This pressure drop helps
isolate the combustion chamber from the rest of the powerhead so combustion pressure

oscillations do not propagate back through propellant feed system [85].

Nozze;

The final component to be addressed is the nozzle. Nozzle calculations in a
powerhead code must take into account heat transfer to the propellant during the
regenerative cooling process. If this heat transfer from the nozzle is not accounted for, an
overly optimistic assessment of engine performance will result. The nozzle is divided at
the throat and two different analysis methods are used for each haf. For the convergent
section, isentropic relations are assumed to hold true, and they are used to find the throat

conditions assuming choked flow at the throat.

The divergent section of the nozzle is where the heat transfer to the cooling flow
is taken into account. Therefore, the divergent section is not adiabatic, and isentropic
relations can not be used. The method of potentials outlined in reference 100 was used to
determine nozzle performance. This method allows for the modeling of flow with
multiple driving potentials. For this nozzle analysis, two driving potentials exist, the

nozzle area change and the regenerative heat transfer.
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The variable that is solved for using the method of potentials is the nozzle exit
Mach number. The Mach number isfound by using a Runge-Kutta numerical integration
routine that solves for the flow Mach number as a function of axia distance from the
throat. The contours of the nozzle must be known in order to determine the exit Mach
number. Both conical and bell nozzles are available in PHATCAT. For more details on

the nozzle analysis see references 16 and 100.

Fluid Properties:

All of the modular analysis routines described above require the availability of
fluid properties at various temperatures and pressures in order to complete their
calculations. Two different property databases were included with the original version of
PHATCAT. Thefirst istabular datafor hydrogen and oxygen that was used to determine
the properties needed for any analysis routine encountered before a combustion device.
The source for the original cold flow data used in PHATCAT isthe NIST properties code
SUPERTRAPP [101]. After the fluid passes through a combustion device, the second
fluid properties database is used. This database consists of curve fits of various species
included in the JANAF tables [102]. The species that were included are H2, O2 and the
possible products of their equilibrium reaction. For both the JANAF curve fits and the
tabular NIST data, the fluid properties included are enthal py, entropy, and specific heat as
functions of temperature and pressure. The JANAF curve fits aso supply Gibb's energy

which is needed in the equilibrium routine.
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Two different ways are needed by the modular analyses to determine fluid
properties. The first way is by supplying a temperature and pressure and receiving an
enthalpy, entropy, specific heat, or Gibb's value. This is very straightforward because
temperature and pressure are the natural inputs for both the curve fits and the 2-D tabular
interpolation routine. The second way in which properties need to be determined is by
supplying a pressure and either an enthalpy or entropy and receive temperature as the
output. This requires a root finding method to be employed. The original version of
PHATCAT uses a Newton-Raphson root finding method to determine the correct

temperature. Details of this method are provided in the next section.

Power Balancing:

In order to complete the analysis of an engine cycle, it must be “balanced.” A
balanced engine cycle is one in which the power required by the pumps is produced by
the turbines. Also, a balanced cycle will have the desired chamber pressure. Typically,
the pump and turbine powers are balanced by changing the pressure ratio across the
turbines until the turbine power matches the pump power. Simultaneously the pump exit
pressures will be varied until the desired chamber pressure is achieved. The pump exit
pressures must be high enough to make up for the pressure drop that occurs as the
propellant is traveling from the pump to the chamber. The pressure drop comes from
injector pressure losses, regenerative cooling pressure losses, and depending on the cycle,

the turbine pressure drop. Other balances exist and many are cycle dependent. Total

59



propellant mass flow rate can be varied to achieve a desired thrust level. Also, gas
generator mixture ratio or regenerative flow split percentages can be varied to set a

specific turbine inlet temperature.

A multi-dimensional Newton-Raphson root finding scheme is used in PHATCAT
to balance the engine. The method requires unimodal, continuous and differentiable
functions. Since analytical derivatives of the engine analysis are not available, numerical
derivatives are used. To begin the Newton-Raphson iteration process, an initial guessis
made for the independent variable. Then the analysis function is evaluated at that point
and the difference between the target for the dependent variable and its actua value is
calculated. Figure 18 shows a graphical representation of one iteration of a 1-D Newton-
Raphson problem [16]. After the function is evaluated at the initial guess, the x-intercept
of the line tangent to the function at the initial point is found. This x-intercept provides

the updated solution (Equation 28).

- x, - Flx) (28)

This process continues until the root of the function is found. To extend the

Newton-Raphson method to multiple dimensions, the points x.,,, X, and the function
value F(x,) become vectors and the function’s derivative, F(x,) becomes the Jacobian

matrix. The multi-dimensional form is given in Equation 29.
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Function Value

Figure 18: Newton-Raphson Graphical Example
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CHAPTER 3

ENGINE ANALYSISDETAILS

3.1 Additionsto PHATCAT

PHATCAT was used to simulate the powerhead and determine the performance
characteristics of the various engine cycles studied for this research. The original version
of PHATCAT was written in July, 2001, by Tim Cormier at The Georgia Institute of
Technology. Inits original state, PHATCAT does not provide the desired accuracy or
capability required for this research. Therefore, several changes/additions were made to
the program to tailor it for this use. A list of these modifications follows, and more

detailed information about certain changes will be provided.

= The Newton-Raphson root finding method used to balance the powerhead was
made more robust, allowing the code to be used more effectively in an
optimization scheme.

= The hydrogen property database was changed, which fixed errors in the power
and exit temperature results supplied by the pump and turbine routines.

=  The JANAF curvefitsfor the specific heat of H,, H and OH were fixed.
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= RP-1, methane (CH4), and propane (C3H8) were added as possible fuel choices.
Original version only had the choice of hydrogen fuel.

= The equilibrium combustion model was adjusted to accurately model RP-1, CH4
and C3H8 combustion. This included stoichiometric, fuel-rich and fuel-lean
combustion.

= An option to scale the regenerative heat transfer rate and boost pump exit
pressures with chamber pressure was added. This allowed for balanced engine
designs, for specific engine cycles, to be achieved over a wider range of input
variables.

=  Twenty-one new engine cycles were added as input options to PHATCAT. The

origina version included three.

Two separate fluid property databases are used in PHATCAT. The first is the
cold flow database, which is used to get properties of fluids that haven’t gone through a
combustion device. This database originally consisted of tables of property data, for
hydrogen and oxygen, obtained from the NIST properties code SUPERTRAPP [101].
The second property database is the hot flow database, which is used to get properties of
fluids and mixtures either during or after combustion. This database consists of curve fits

of data from the JANAF tables [102].

As will be shown in the next section, the origina version of PHATCAT gave

significant errors when comparing hydrogen turbopump powers and exit temperatures to

data obtained from literature. These discrepancies were found to be caused by errors in
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the cold flow properties database. After researching the problem, it was discovered that
the NIST SUPERTRAPP code was not the best source for properties of hydrogen as a
function of temperature and pressure. The code is designed mainly to provide properties
of hydrocarbon mixtures. Therefore, a new source of hydrogen data was found. The new
source was aso a code from NIST, caled REFPROPS [103]. This code uses the
equation of state by Youngblood to determine hydrogen fluid properties [104]. The
replacement of the old hydrogen properties fixed the errors associated with the pump and

turbine analyses.

One of the discrete variable choices, available in the fina application of the
optimization method, is the engine fuel choice. In the origina version of PHATCAT
only one fuel choice is available. Therefore, the number of fuels was expanded to
include RP-1, methane, propane, and the original hydrogen fuel. Both property databases
had to be expanded to include these new fuels. Also, missing properties for some of the
possible combustion products of the new fuels were added to the hot flow database. Cold
flow data for methane, propane and RP-1 was obtained from SUPERTRAPP. Methane
and propane are included as default inputs to SUPERTRAPP, but RP-1 is not. Severd
methods are available for smulating a mixture of hydrocarbons such as RP-1 in
SUPERTRAPP. These include inputting RP-1 as a single pseudo-fluid, a mixture of
defined hydrocarbons, or as a petroleum fraction. All three methods were investigated
and it was found that the petroleum fraction method gave results that more closely agreed
with that published in literature. Since various properties were missing from the hot flow

database for some of the hydrocarbon combustion products, additional curve fits were



added. One curve fit that needed to be included was the enthalpy of RP-1 as a function of
temperature. The enthalpy of RP-1 is not available from the JANAF tables, so other
sources for this data were found. The enthalpy of formation for RP-1 was taken from
reference 79. Sensible enthalpy was determined using specific heat data found in
reference 105 for JP-4 (Jet Propellant 4), which is very similar to RP-1. This enthapy
data was used for the hot flow database, instead of the values obtained from
SUPERTRAPP, because the equilibrium results for RP-1 combustion will be compared to
those obtained from reference 79 and this comparison is more applicable if the initial

enthalpy of RP-1 isthe same in both codes.

In order to determine the equilibrium composition of the combustion products of
RP-1, propane or methane with LOX, the equilibrium analysis routine in PHATCAT had
to be adjusted. The origina equilibrium analysis model included H,, O,, H,O, OH, H, O,
CO, and CO, as possible combustion products. These are al the products that are needed
for hydrogen/oxygen combustion at various mixture ratios, and for hydrocarbon/oxygen
combustion at either fuel-lean or near stoichiometric mixture ratios. For fuel-rich
hydrocarbon combustion more product species are needed. Therefore, for propane
combustion, C3H8 was added as a possible product, and for methane combustion, CH4
was added as a product choice. For fuel-rich RP-1 combustion, CH4, C3H8, C2H2, and
C2H6 were included as additional products. Also, the initial guesses for the product
concentrations were changed depending on the mixture ratio. This helped eliminate

convergence problems at very fuel-rich or fuel-lean conditions.
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Originally, PHATCAT only contained three specific engine cycle choices. These
were the RL-10 expander cycle, the SSME dual preburner fuel-rich staged-combustion
cycle, and the Vulcain gas generator cycle. Severa new engine cycles were added in
order to give more discrete variable choices for the final application of the optimization
method. The SSME cycle was replaced with two faster running LH2 staged-combustion
cycles. The first has a powerhead design very similar to the SSME, while the second
only has a single preburner and one main turbine. Variations of the Vulcain cycle were
also added to PHATCAT. These variations included the use of different numbers of
turbines and boost pumps, and the use of hydrocarbon fuels. The RL-10 expander cycle
was replaced with a higher thrust class split expander cycle similar to the RLX. Finally,
an oxidizer-rich single preburner staged-combustion cycle was included, which used RP-
1, CH4 and C3H8 as fuels. This cycle is similar to the RD-180, except it only has one
main combustion chamber. These additions increased the number of engine cycle

choicesin PHATCAT from three to twenty-two.
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3.2 Verification of Additions

3.2.1 Hydrogen Component Verification

The performance of the various modular components used to form the engine
cycles in the original version of PHATCAT, were compared to powerhead data for the
SSME taken from reference 83. These comparisons, which can be found in the original
PHATCAT documentation (reference 16), show that the original version of the code was
able to match the performance data for the LOX side of the SSME cycle, but was unable
to correctly predict the LH2 component properties. For brevity, an interested reader is
referred to reference 16 for the LOX component verification. The LH2 component
verifications will be repeated here along with the results from the updated version of
PHATCAT. The tables below show the comparisons of the results predicted by the
original version of PHATCAT for the SSME low-pressure fuel pump (LPFP) and high-
pressure fuel pump (HPFP). There is noticeable error in the exit temperature calculations

for both pumps, and the power calculations for the low-pressure pump.

Table 1: SSME LH2 Pump Exit Temperatures (Original Results)

Original

Pi _ . h Ref. 83 %
(psia) Tin (R) Poux (pSia) My (Ibmys) PHATCAT Tou (R) error
Tou (R)
LPFP 30.02 37.08 282.82 161.40 .65 39.6 40.9 3.18%
HPFP 282.82 40.86 7055.95 161.40 73 915 103.1 11.25%
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Table 2: SSME LH2 Pump Powers (Original Results)

= Original Ref. 83 %
( o ) Tn(®  Pau(psa)  m (Ibmis) h  PHATCAT Power e”‘;r
b Power (HP)  (HP)
LPFP 3002  37.08 28282 16140 .65 3412 3694 7.63%
HPFP 28282  40.86  7055.95 16140 .73 77235 77497  0.34%

The new version of PHATCAT includes updated hydrogen properties. These new

hydrogen properties, corrected the errors found for both fuel pumps. The update results

are shown in Table 3 and Table 4. The error has been reduced to less than 0.5% for both

the exit temperature and power calculations.

Table 3: SSME LH2 Pump Exit Temperatures (New Results)

New

Pin _ : h Ref. 83 %
(psia) Tin (R) Pout (PSia) My (IbmYs) PHATCAT Tou (R) error
Tout (R)

LPFP 3002  37.08 282.82 16140 .65 41.0 40.9 0.24%
HPFP 28282 4086  7055.95 16140 .73 103.4 103.1 0.29%
Table4: SSME LH2 Pump Powers (New Results)

b New Ref. 83 o
( o ) Tn(R)  Pou(psia) mu (Ibmis) h  PHATCAT Power e”‘:)r
b Power (HP)  (HP)
LPFP 3002  37.08 282.82 16140 .65 3682 3694 0.32%
HPFP 28282  40.86  7055.95 16140 .73 77516 77497 0.02%

Similar errors are noticed in the hydrogen turbine results. The tables below show

the comparison of the original and new results, for output temperature and power of the

low-pressure fuel turbine (LPFT), to those published in reference 83. The origind

PHATCAT analysis accurately predicted the turbine exit temperature, but over-predicted

the turbine power output. The new hydrogen properties added to the cold flow database
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fixed the turbine output power results, while maintaining an accurate prediction of

turbine exit temperature.

Table5: SSME LH2 Turbine Exit Temperature (Original Results)

Original
Pin A h Ref. 83 %
(ps2) Tn (R) DP/P Myor (IbNYS) PHATCAT T (R error
Tou (R)
LPFT 501106 455.04 1.3219 34.08 52 441.7 440.6 0.25%

Table6: SSME LH2 Turbine Power (Original Results)
Original Ref. 83

X 0,
( Z'i"a ) Tin (R) DPIP  my(lbm/s) N PHATCAT Power erf’or
b Power (HP)  (HP)
LPFT 5011.06 455.04 1.3219 34.08 52 3955 3694 7.07%
Table7: SSME LH2 Turbine Exit Temperature (New Results)
New
P _ h Ref. 83 %
(ps8) Tn (R) DP/P My (IbnVs) PHATCAT T (R error
Tout (R)
LPFT 5011.06 455.04 1.3219 34.08 52 4395 440.6 0.25%

Table8: SSME LH2 Turbine Power (New Results)
= New Ref. 83

%

in Tin (R) DPIP  my(lbm/sy N PHATCAT Power
(psia) Power (HP) (HP) error
LPFT 5011.06 45504 13219 34.08 52 3685 3694 0.24%

The original PHATCAT analysis of the regenerative heat exchangers used for the
cooling of the nozzle and chamber of the SSME, over-predicted the heat exchanger exit
temperatures. The following tables show that correcting the hydrogen properties again

fixed these results.
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Table 9: SSME LH2 Heat Exchanger Exit Temperatures (Original Results)
l:)in

Original
. Myot Qdot Ref. 83 %
psay ™R DPP - qpg  @TUseg PHATCAT 1Ry error
Tox (R)
(':\‘OZ.Z'e 6719.9 106.38 1.074  63.69 88349 500.0 464.0 7.76%
ooling
%ha”?ber 6719.9 10638 1.341  34.08 45308 494.1 455.0 8.59%
ooling
Table 10: SSME LH2 Heat Exchanger Exit Temperatures (New Results)
New
Pin - Myot Qdot Ref. 83 %
psa) R DPP o py (BTUse THATCAT 1 R) error
Tout (R)
(':\‘OZ.Z'e 6719.9 106.38 1.074  63.69 88349 462.4 464.0 0.34%
ooling
%Zac')ﬂf’g 67199 10638 1.341  34.08 45308 455.4 455.0 0.09%

The calculations of the exit temperatures for the valves and mixers found in the

hydrogen fuel lines also showed noticeable error when compared to the results from

reference 83. The following tables show that these errors were again eliminated by

changing the hydrogen propertiesin the cold flow fluid properties database.

Table 11: SSME LH2 Valve Exit Temperatures (Original Results)

Original
. Myot Ref. 83 %
Pn(psia) Tn(R) DP/P PHATCAT
(IbnVs) Tou (R) Touwt (R) error
Main Fuel Valve 705595 103.14 1.050 161.42 1053 106.4 1.03%
NozzleCooling w1990 10638 1074  63.69 109.3 1105 1.09%
Bypass
LH2 Tank 379071 44064 7446 077 470.0 4538 3.57%
Repressurization
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Table 12: SSME LH2 Valve Exit Temperatures (New Results)

New

o Mot Ref. 83 %
Pin(psid)  Tin(R) DP/P (Ibm/s) PHATCAT Touw (R) error
Tou (R)
MainFuel Vave 705595 10314 1050 16142  106.38 1064  0.019%
NozzZleCoding 4671990 10638 1074 6369 110.7 1105  0.18%
Bypass
LH?2 Tank 379071 44064 7446  0.77 454.9 4538  0.24%

Repressurization

Table 13: SSME LH2 Mixer Exit Temperature (Original Results)

Original Ref.
Pin,l Til’],l rndOt,l Pil’],z Tin,2 mdot,z PHATCAT 83 %

(psia) R (Ibm/s)  (psia) (R (Ibrm/s) Toww  €rror
Nozzle
Reg%g:s‘or 62569 11052 63.69 62569 4641 63.69 276.2 2039 6.0%
Mixer
Table 14: SSME LH2 Mixer Exit Temperature (New Results)
New Ref.
Pin,l Tin,l n’]dOt,l Pin,Z Tin,2 rndOt,Z PHATCAT 83 %
(psia) (R (IbnVs)  (psia) (R (IbnVs) Tow  €rror
Tout (R) (R
Nozzle
Regs';g;‘tor 62569 11052 63.69 62569 4641 63.69 2061 2939 0.8%
Mixer

The final major powerhead component calculation that needs to be verified is
equilibrium combustion analysis. For hydrogen fueled engines, the combustion
calculations need to be checked at mixture ratios near 6.0 and at very fuel-rich mixture
ratios. Table 15 gives a comparison between the results obtained from PHATCAT and
the industry standard equilibrium analysis code, CEA (Ref. 79). The adiabatic

combustion temperature and mole fractions were determined for a mixture ratio of 6.0, a
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chamber pressure of 3000 psia, and fuel and oxidizer inlet temperatures of 536.14 R.
These conditions approximate typical main combustion chamber conditions found in the

SSME. Theresultsin Table 15 show good agreement between PHATCAT and CEA.

Table 15: Equilibrium Calculation Comparisons (O/F = 6.0, P, = 3000 psia)

New PHATCAT CEA

H, 0.2497 0.2497
0, 0.0037 0.0036
H,0 0.6623 0.6633
OH 0.0467 0.0462
H 0.0341 0.0336
o) 0.0036 0.0036
Tat (R) 6726.9 6716.6

MW i 13.438 13.447

The combustion equilibrium calculations were also checked at conditions typical
for a fuel-rich preburner, found in a staged-combustion or gas-generator hydrogen fueled
engine. Table 16 shows the results for a mixture ratio of 0.8, chamber pressure of 5500
psia, and fuel and oxidizer inlet temperatures of 536.14 R. Again, good agreement is

seen between PHATCAT and CEA.

Table 16: Equilibrium Calculation Comparisons (O/F = 0.8, P, = 5500 psia)

New PHATCAT CEA

H, 0.8992 0.8992
0, 0.0000 0.0000
H,0 0.1008 0.1008
OH 0.0000 0.0000
H 0.0000 0.0000
o) 0.0000 0.0000
T (R) 1990.17 1980.05

MW i 3.629 3.629
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Finally, Table 17 shows the results for the performance analysis of the SSME
engine. The balancing routine in PHATCAT was used to vary engine mass flow rate
until the desired vacuum thrust was achieved. Also, the pump output pressures were
varied until the desired pressure in the main combustion chamber was achieved. The
performance results produced by the updated version of PHATCAT are very similar to

those found in reference 83.

Table 17: SSME Performance Comparison

New PHATCAT Results Ref. 83 Results % error
Vacuum Thrust (Ibf) 511350 511350 0.0%
Mixture Ratio 6.0 6.0 0.0%
Chamber Pressure (psia) 3264.8 3264.8 0.0%
Mass Flow Rate (Ibm/s) 1129.2 11275 0.2%
Vacuum Isp 452.8 453.5 0.2%
Throat Area (in?) 81.75 81.38 0.5%
Exit Area (ft%) 43.88 44.02 0.3%

3.2.1 Hydrocarbon Component Verification

Three new hydrocarbon fuels were added to PHATCAT for this research.
However, detailed engine cycle data is only available from literature for RP-1 fueled
engines. Therefore, only results for modules using RP-1 will be presented in this section.
Reference 83 provides cycle data for the RD-170 engine. This data will be used to
determine the performance of the pump, turbine, heat exchanger, mixer and valve
analyses. CEA will be used along with reference 84 to provide data for the equilibrium
combustion analysis. Overall engine performance values predicted by PHATCAT for the

RD-180 are compared to results published in reference 106.
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The exit temperatures and powers for the LPFP, HPFP, and LPFT of the RD-170
were calculated using the modular analyses in PHATCAT. The tables below show the
comparison of these results to those published in literature. Excellent agreement is seen

for al three components.

Table 18: RD-170 RP-1 Pump Exit Temperatures

New
l:)i n

A . h Ref. 83 %
(psia) Tn(R)  Pog(psia) myy (Ibm/s) PHATCAT Tou (R) error
Tout (R)

LPFP 4351 540.0 435.11 1466.69 .74 541.47 541.08 0.07%
HPFP 43511 547.38  6392.68 170355 .74 569.09 564.48 0.82%
Table 19: RD-170 RP-1 Pump Powers
P. New Ref. 83 %
© e ) Tn(R  Pou(psia) mi (Ibmy h  PHATCAT Power orror

Power (HP) (HP)

LPFP 4351 540.0 435.11 1466.69 .74 4056 4034 0.55%
HPFP 43511 547.38  6392.68 170355 .74 70777 71275 0.70%
Table 20: RD-170 RP-1 Turbine Exit Temperature

New
Pin _ h Ref. 83 %
(ps8) Tn (R) DP/P My (IbnVs) PHATCAT T (R error
Tout (R)
LPFT 639268 564.48 14.692 236.86 55 577.04 586.44 1.60%
Table 21: RD-170 RP-1 Turbine Power
P. New Ref. 83 o
( o ) Tin (R) DPIP  my(lbm/s) N PHATCAT Power e”‘:)r
P Power (HP) (HP)
LPFT 639268 564.48 14.692 236.86 55 4023 4034 0.27%
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The regenerative cooling of the nozzle and chamber of the RD-170 was modeled
using the heat exchanger module in PHATCAT. The results for this analysis are shown
in Table 22. There is a noticeable, yet tolerable, difference in the heat exchanger exit
temperatures. This difference is not entirely unexpected, given the many different ways

RP-1 can be represented when trying to determine its thermodynamic properties.

Table 22: RD-170 RP-1 Heat Exchanger Exit Temperatures

New
Pin - I'T]dot Qdot Ref 83 %
psa) R DPP o py (BTUse THATCAT 1Ry error
Tox (R)
Nozzle o196 56016 12 34844 23716 703.08 728.28 3.46%
Coaling
%ng 48429 72828 12 34844 23716 845.31 885.96 4.59%

The exit temperatures for the valves and mixers encountered on the fuel side of
the RD-170's powerhead were modeled in PHATCAT. These results are found in Table

23 and Table 24. Good agreement is seen for all the components tested.

Table 23: RD-170 RP-1 Valve Exit Temperatures

New
Pin A Mot Ref. 83 %
(psia) Tn(R) DP/P (Ibm/s) PHATCAT Tou (R) error
Tow (R)

Main Fuel Vave 6392.68 564.48 1.100 348.44 568.15 569.16 0.18%
Preburner Fuel Valve 899248 572.04 1.100 7291 577.21 578.70 0.26%
Table 24: RD-170 RP-1 Mixer Exit Temperature

New Ref.
Pil’],l Til’],l rndOt,l Pin,2 Tin,2 rndOI,Z PHATCAT 83 %

(psia) R (Ibm/s)  (psia) (R (Ibrm/s) Tout error

Tout (R) (R)

Fuel

Recirculation 435.1 541.08 1466.7 435.1 586.4 236.86 547.50 5474 0.02%
Flow Mixer
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In order to analyze all the engine cycles needed for this research, the equilibrium
combustion model for RP-1 must be able to handle fuel-rich, fuel-lean and stoichiometric
mixtures. Table 25 provides the results for RP-1/LOX combustion at an O/F of 2.72 and
a P. of 3700 psia. These conditions are very similar to those found in the main
combustion chamber of the RD-180. The results of this equilibrium combustion analysis
show good agreement with those obtained from CEA. The fuel-lean preburner results
givenin Table 26 are for the LOX-rich preburner found on the RD-170. Table 27 shows
results for a fuel-rich gas generator found in reference 84. The results for both these

cases are a'so good.

Table 25: Equilibrium Calculation Comparisons (O/F = 2.72, P. = 3700 psia)

New PHATCAT CEA

H, 0.0681 0.0673
0, 0.0255 0.0255
H,0 0.3365 0.3380
OH 0.0682 0.0679
H 0.0242 0.0237
o) 0.0135 0.0134
CO; 0.1689 0.1682
co 0.2951 0.2961
Tat (R) 7116.58 7107.25
MW i 24.117 24.131

Table 26: Equilibrium Calculation Comparisons (Fuel-Lean Preburner)

New

Pc Tfuel Toxi d CEA %
! O/F PHATCAT
(psia) R (R Tu (R) Taa(R)  error
Fuel-Lean 7400 536.4 220.0 52.31 1687.96 1682.95 0.30%
Preburner

Table 27: Equilibrium Calculation Comparisons (Fuel-Rich GG)

New

Pc Thue Toxia Ref. 84 %
. OF  PHATCAT
(ps) (R  ® T.R T« eror
FUIRIONCES 6121 534 2200 0342 16636 16507 0.23%
enerator
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As alast test, the actual performance of the RD-180 engine was compared to the
performance calculation obtained from PHATCAT (Table 28). In order to get the
required results, the mass flow rate of the engine was adjusted until the desired vacuum
thrust was achieved, and the pump exit pressures were set at values that gave the desired
chamber pressure. The values obtained by PHATCAT are similar to the published results
for the RD-180. There is a dight over-prediction of specific impulse, but this can be
attributed to not having detailed information about the engine cycle of the RD-180.
Without this detailed information, severa engine parameters had to be determined from
other sources. These included pump and turbine efficiencies, regenerative heat flow
rates, flow split percentages, and other cycle parameters. The differences between the
values used and the actual values for many of these parameters could easily account for

the dlight performance difference.

Table 28: RD-180 Perfor mance Comparison

New PHATCAT Results Ref. 106 Results % Error
Vacuum Thrust (Ibf) 933400 933400 0.0%
Mixture Ratio 2.72 2.72 0.0%
Chamber Pressure (psia) 3734.0 3734.0 0.0%
Mass Flow Rate (Ibm/s) 2719.4 2763.2 1.6%
Vacuum Isp 343.2 337.8 1.6%
Throat Area (in?) 133.2 135.1 1.4%
Exit Area (ft%) 34.1 34.6 1.4%
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3.3 Weight and Cost M odels

PHATCAT does not supply engine weight or cost as one of its outputs. However,
these are important metrics that need to be considered when trying to optimize an engine
design for a particular application. Therefore, away to determine engine cost and weight
had to be found for this research. Two existing engine cost models for liquid rocket
engines are included in the NASA/AIr Force Cost Model 99 (NAFCOM99) [107]. The
top-level, summary cost model was used for this research. This model employs
historically based equations to predict engine cost. The NAFCOM99 model gives both
the development and production costs of the engine. The production costs are output as
an average production cost per engine and as a theoretical first unit (TFU) cost. The TFU
is the cost required to produce the first engine off the assembly line. The average
production cost is less than the TFU because it accounts for cost reductions from the
learning curve effects associated with producing many engines. The inputs into the cost
model include the engine’'s thermodynamic cycle, vacuum thrust, chamber pressure,
design and manufacturing inputs, and engine production rate. The engine cycle is input
as a complexity factor that influences the engine's costs. Development cost complexity

factorsfor several engine cycles are shown in Table 29.

Table 29: Development Cost Complexity Factors

Engine Cycle Development Cost Complexity Factor
Staged-Combustion 1.2
Gas Generator 0.8
Expander 0.7
Combustion Tap-off 0.6
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No existing engine weight model was available, so a new engine weight model
was developed using historical engine data. Since PHATCAT provides information
about the individual components of the engine's powerhead, an attempt was made at
forming a component based weight model. However, there is not enough data on
individual engine component weights in open literature. Most data of this nature is
proprietary. Therefore, atop-level engine weight model was made. The top-level weight
model was formed using thrust-to-weight engine data for 35 different liquid rocket
engines. These engines were categorized by their basic engine cycle and fuel type. At
least six data points were available for each engine grouping. The engine groups that
were included are LH2 and RP-1 staged-combustion engines, LH2 and RP-1 gas
generator engines, and LH2 expander cycle engines. A linear fit of engine weight versus
total propellant mass flow rate was made for each of the five engine classes. The linear

fits for each engine class, which are shown in the figures below, form the basis of the

weight model.
25000
20000
z -
£ 15000 >
= ke -
g '// R LH2 Engines
= . 7 -~ RP-1Engines
c -~
S 10000 s
w E
As'A /.’l
," s
5000 e
VO
0 ‘ ; ; ; ;
0 1000 2000 3000 4000 5000 6000

Mass Flow Rate (Ibm/s)
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The chamber pressure of the engine also has a significant effect on engine weight.
To account for this, a chamber pressure adjustment is applied to the linear fit. This
chamber pressure trend was taken from reference 84 and is shown in Figure 22. For a
fixed engine thrust, the combustion chamber weight decreases with chamber pressure,
because a smaller chamber size is required. However, turbopump weight increases with
chamber pressure, because more power is required in order to pump the same mass flow
up to the higher pressure. These components show the most weight sensitivity with
chamber pressure, and their influences combine to give the total engine weight versus
chamber pressure trend. For typical pump-fed engines, engine weight reaches a

minimum for chamber pressures between 2000 and 3000 psia[84].
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Figure 22: Effect of Chamber Pressure on Engine Weight
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For each fuel type and engine cycle, the chamber pressure value giving the
minimum engine weight was set, so that the error for the weight predictions of the
engines used to fit the model was minimized. This new weight model receives as inputs
the engine cycle, fuel choice, total propellant mass flow rate (Ibm/s), chamber pressure
(psia), and a weight multiplication factor. The weight multiplication factor is used to get
weight for propane and methane fueled engines and for cycles that differ from the
baseline cycles used to form the model. For instance, a dual-preburner dua turbine
staged-combustion engine cycle is the baseline cycle used to form the staged combustion
weight model. Therefore, a single-preburner, single turbine staged-combustion engine
might have a multiplication factor of 90%, to represent that fact that this engine would be

lighter than a similar dual-preburner dual turbine design.
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CHAPTER 4

RESPONSE SURFACE METHODOLOGY

4.1 Response Surface Equations

A key component in the new optimization procedure developed for this research
is the use of response surface equations (RSE’s) to help form the lower bounds of the
continuous design space for each discrete variable setting [108,109]. Response surface
eguations are formed by performing a least squares fit on data that represents the design
space of interest. For this research, 2™ order RSE'’s are used and the number of termsin
the equation depends on the number of design variables under consideration. Equation
30 shows the general form of the RSE. The x-variables represent the design variables

and the b terms are coefficients determined by the least squares fit.

Qo

by % X; (30)

i+1

n n n-1
RSE=b, +é b;x, +é biXi2 +é
i=1

i=1 i=1

A separate RSE must be formed for each possible output of the engine code that
might be used as an objective function or constraint in the optimization process. In order

to form the RSE, data must be collected from the design space. This is done by running
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the desired engine design code at specific input variable settings. These settings are
determined by the bounds on the input variables and the type of response surface design
that is chosen. In order to fit a quadratic model of the design space, data must be
available at three distinct settings of each input variable. There are several common
response surface designs that are typically used to fit aquadratic RSE. These are a three-
level full or fractional factorial, a central composite, and a Box-Behnken design [110].
Each of these designs has features that make them useful in specific cases. The full
factorial design requires the most data points but also allows for the most accurate
approximation. The central composite design (CCD) combines a two-level fractional (or
full) factorial with center and star points to provide curvature to the space, while the Box-
Behnken design provides data without requiring that the input values be evaluated at the
endpoints of their defined range (Figure 23). A summary of the number of design points

needed for each of these designsis provided in Table 30.
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Table 30: Design of Experiments

Number of Experiments

Response Surface Design (n = number input variables)
Central Composite Design (2-Level Full Factorial) 2"+2n+1
Box-Behnken Design “n+1D(n+2
3-Level Full Factorial 3"

For this application a full factorial central composite design was chosen. This
represents a good compromise between a 3-level full factorial and a Box-Behnken
design. The star points are set on the face of the CCD cube because for each specific
engine cycle, bounds on the input variables were found for which the engine power
balance would converge. Outside of these bounds, convergence is not guaranteed and
therefore the on-face design was chosen so the input variables are never set to values

outside their applicable range.

4.2 RSE Example

One particular engine that was modeled for this research was the Vulcain
LH2/LOX (liquid hydrogen/liquid oxygen) gas generator engine. Table 31 shows the
bounds used for the input variables for this engine. An RSE was generated for each
output variable that was used as either the objective or as a constraint in the optimization
process. The RSE coefficients generated for the Vulcain vacuum Ig, are given in Table

32.
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Table 31: Vulcain Input Variable Bounds

Input Variable Lower Bound Upper Bound
Tvac (Vacuum Thrust) 80000 Ibs 750000 Ibs
e (Area Ratio) 15 125

O/F (Mixture Ratio) 5.0 7.0
Pc (Chamber Pressure) 500 psia 3500 psia

The accuracy of the values predicted by the response surface, compared to the
data used to fit the equation, can be quantified by the RSquared value (R?). The valueis
computed using the calculated sum of squares of the error and the total sum of sguares of
the mean (Equation 31) [111]. The value of R? is between 0 — 1, with 1 representing a

perfect fit of the sampled points. The R? value for the Vulcain’s vacuum ls RSE is.997.

Table 32: Vulcain Vacuum |4, RSE Coefficients

Response Surface Term Coefficients

Intercept 427.610051
Tvac 6.209670

e 18.782296

O/F -14.623416
Pc 1.757800
Tvac™ € 0.640364
Tvac * OIF 0.247773
Tvac* Pe 3.708853
e* O/F -0.439573
e* P 0.034244
O/F* P, 0.450687
Tvac ™ Tvac -5.288926
e*e -10.462974
O/F* O/F -0.658320
P.* P -2.350497
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R?=1- = (31)
SSM

2

where: SSE = § (predicted value, - actual value )
|=::.1 ,
SM = § (predicted value - mean)

i=1

The R? value is calculated by comparing the fit of the RSE to the data points used
for the fit. A good test of a response surface is to see how it performs away from these
specific points. To demonstrate this for the Vulcain example, a sweep of each input
variable was performed and the vacuum lg, value predicted by the RSE was compared to
the actual vacuum Iy, obtained from the rocket engine code. These one dimensional
sweeps were used since it isn’t possible to show a graph of the 4-D response surface. The
settings for the input variables not currently being swept are set to match the values of the
actual Vulcain engine. The default input values used were a vacuum thrust of 256 klbs,
an expansion ratio of 45, a mixture ratio of 5.3, and a chamber pressure of 1595 psia.
These settings do not correspond to any of the data points used to fit the RSE with the
central composite design. Graphical comparisons of the predicted versus actual vacuum

lsp for aswept of each of the input variables are shown in Figures 24 - 27.

While these graphs show that the response surface equations capture the general
trend in vacuum lg,, they do not predict the actual value with great accuracy. Thisis not
what one might expect with such a high R? value, but these graphs are produced at a point
in the design space not near those points used to fit the surface. This illustrates the

problem with using RSE’sdirectly to predict the performance of each engine being
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modeled. Since the RSE’s do not necessarily provide accurate results, error in the
optimization procedure could occur. These errors could be quite serious, possibly causing
the optimal engine design found using the RSE’s to actually be infeasible in the true
design space. Even with their associated inaccuracies, these response surfaces will be
useful in this research. They provide a good starting point for the lower bounds of the

continuous space that will be used in the new optimization procedure to be outlined next.
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CHAPTER S

OPTIMIZATION METHOD

5.1 Applicability of Current MINL P M ethods

Several MINLP solution procedures have been outlined in Chapter 2. However,
none of these methods meet the requirements for this project. All of these standard
solution methods require that the discrete variables be relaxed (take on non-discrete
values) at some point during the solution process. The branch and bound algorithm
requires relaxation to solve the nonlinear optimization problem at each node in the tree,
while the GBD and GOA algorithms require the relaxation of the discrete variables in

order to solve their respective lower bounding problems.

These algorithms have been devel oped to solve problems where the objective and
constraints functions are easily represented as analytical equations. Therefore, it is of no
concern to require that the discrete variables be relaxed. However, when the values of
the objective and constraints are being supplied by an engineering code, the proposition
of relaxing the discrete variables becomes more daunting. For example, if y = 1

represents the choice of a staged-combustion cycle and y = 2 represents the choice of an
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expander cycle, it is not obvious how y = 1.3 would be evaluated. An attempt was made
at relaxing the discrete variables by going deeper into the code and finding the continuous
variables that the discrete variables set and then using these continuous variables to
evaluate the relaxed discrete choices, but this leads to poorly behaved nonlinear
programming (NLP) problems. Table 33 shows the features of the existing MINLP

solution methods discussed in Chapter 2 and illustrates why none are appropriate for this

research.
Table 33: Summary of MINLP Solution Methods
Method RequiresRelaxing  Only Solves Strictly
Discrete Variables Convex Problems

Branch & Bound Yes Yes
Generalized Bender’'s

. Yes Yes
Decomposition
Generalized Outer Approximation Yes Yes
Branch & Reduce Yes No
Nonconvex Outer Approximation Yes No
SMIN-aBB Yes No
GMIN-aBB Yes No
Desired Optimization Scheme No No
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5.2 Details of New Optimization M ethod

All of the major MINLP optimization approaches are ill-suited for this research.
Therefore, a new method had to be conceived. Since the discrete input variables can not
be relaxed, the first obvious optimization scheme is that for every discrete variable
combination, solve the resulting continuous NLP, and take the minimum value of al the
NLPs as the optimal solution. This solution procedure requires an extremely large
number of function calls to find the optimum. Therefore, it is not an acceptable method.
However, this optimization procedure will be used to determine the “correct” optimal
solution and the baseline optimization time for each engine design problem investigated.
These baseline solutions will be used to determine the success of the newly developed

optimization approach.

Some of the NLPs associated with certain discrete variable combinations will
have to be solved. Thisis the only way to get the optimal solution. The goal then is to
minimize the number of discrete variable combinations that must to be investigated. This
is accomplished by first solving an approximation of the continuous space for each
discrete variable combination. This approximation is fast running and is designed to
provide a solution for each discrete variable setting that is actually a lower bound of the
true solution (a better solution). In order to ensure that the solution of the approximation
is alower bound, the model of the continuous space must have a feasible region that is no
smaller than the feasible region of the true continuous space. After the lower bounds of

al the discrete variable combinations are found, the combination having the lowest
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feasible lower bound is determined. Then, the solution of the true continuous space of
this discrete variable choice is found using a standard nonlinear optimization technique
and the actual engine code. The solution of this NL P becomes the current upper bound of
the final solution. Any remaining discrete variable combinations with feasible lower
bounds greater than the current upper bound can be eliminated from further
consideration. Thisis because the true solution of the continuous space for each discrete
variable combination must be greater than or equal to the lower bound provided by the
approximate solution. Now, the discrete variable combination providing the next
smallest lower bound is investigated. If its true solution provides a better optimum than
the current upper bound, the upper bound is replaced. The process continues until none
of the remaining discrete variable combinations have feasible lower bounds less than the
current best upper bound. This fina upper bound is the optimal solution. Figure 28

shows a simple flowchart outlining the procedure.

Find lower bound (LB) of the
expanded continuous space
for each discrete variable
combination. Set current
upper bound (UB) to¥ .

l Solve the NLP of the true

Does afeasible discrete yes continuous space resulting
variable combination |—| fromfixingthediscrete |—»
havealB < UB? variables to the values

giving the lowest LB.
no
no yes
Eliminate current

discrete variable

Is solution of NLP feasible
and less than current UB?

: combinationfrom  |«—| Setcurrent UB equal to
End: . further consideration. NLP solution.
Current UB is
optimal solution.
IfUB =¥, no
feasible solution.

Figure 28: Flowchart for New Optimization Procedure
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Now the issue of how to form the lower bounding continuous space must be
addressed. This space is formed by making use of convex underestimation techniques
developed for global optimization problems. If the underestimator of the objective
function is used along with underestimated constraints values, the optimal solution of this
space will be a lower bound of the true objective function’s solution. The
underestimators of the constraints have the effect of expanding the feasible space.
Therefore, if a discrete variable combination doesn’'t yield a feasible solution when the
continuous space is expanded, it will not have a feasible solution in the more restrictive

original space and therefore, that combination can be eliminated from consideration.

The new method that has been developed allows for the calculation of the desired
lower bounds without any calls to the rocket engine code during the optimization process.
All the needed function calls can be done beforehand and stored in an appropriate format.
This is accomplished by making response surfaces of the continuous variable design
space for each discrete variable setting. These response surfaces are then transformed
into lower bounds of the continuous space using underestimation techniques.
Specifically for this application, response surfaces are formed for every discrete variable
combination that is included in the optimization problem. The engine code input
variables used to form these response surfaces are vacuum thrust, nozzle expansion ratio,
engine mixture ratio, and the engine chamber pressure. Response surfaces are found for
all the relevant engine outputs. These include vacuum and sea-level |, sea-level thrust,
engine vacuum thrust-to-weight (T/W), the maximum turbine inlet temperature, and the

engine’ s development costs.
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The response surfaces are formed by using a central composite design of
experiments (DOE). The CCD for four input variables requires 25 function evaluations
(Table 34). The bounds of each input variable are predetermined for every discrete
variable combination. The values for the input variables in the DOE are -1, O, or 1.
These represent the respective variable' s lower bound, the mid-point between its bounds

and the upper bound.

Table 34: Central Composite Design of Experiments

Vacuum Expansion Mixture Chamber

Thrust Ratio Ratio Pressure
-1 -1 -1 -1
-1 -1 -1 1
-1 -1 1 -1
-1 -1 1 1
-1 0 0 0
-1 1 -1 -1
-1 1 -1 1
-1 1 1 -1
-1 1 1 1
0 -1 0 0
0 0 -1 0
0 0 0 -1
0 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0
1 -1 -1 -1
1 -1 -1 1
1 -1 1 -1
1 -1 1 1
1 0 0 0
1 1 -1 -1
1 1 -1 1
1 1 1 -1
1 1 1 1
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As part of the preprocessing, the engine design code is run at the inputs specified
in the DOE for each discrete variable combination to be included in the analysis. Results
of these runs are stored in a database file that allows for their retrieval during the
optimization process. When response surfaces of a specific engine are needed, this
database file is queried and the outputs for the cases in the DOE are used to perform the

least squares fit which determines the RSE for each output variable.

Now that the RSE equations for each variable of interest are known, they must be
turned into lower bounds of the outputs they are trying to predict. As mentioned earlier,
this will be accomplished using convex underestimation techniques. The convex
underestimator for a general function presented in Reference 74 will be used to form the

lower bounds (Equation 32).

L(x)= f(x)+ én a; (XiL - X )(XIU - Xi) (32)

i=1

The f(i) term in Equation 32 is replaced with the response surface equation

generated for the current output variable of interest and L(X) is the calculated lower
bound. For the current application, n is equal to four in the summation term, since four
input variables are used to fit the RSE. Also, the lower and upper bounds for the input
variables in Equation 32 can be replaced with -1 and 1 respectively. Equation 33 reflects

these adjustments.
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L(X)=b, +& bx +& b +4 & byxx +aa( - x)it-x) (3

i=1 i=1 i=1 j=i+l

Another change must be made to the lower bounding equation for it to be correct
for this research. The convex underestimating terms (the a terms) in Equation 33 have
no effect on the lower bounding value at points in the design space where all the input
variables are at either their lower or upper bounds, because one of the terms inside the

parentheses will be zero. This is not a problem, if f(i) was used in Equation 33,
because f(x) provides the true function value for every X. However, for this research,
f(X) is now replaced with an approximation (the RSE, given the symbol f(x)).
Therefore, the lower bound equation will have to account for any discrepancies between
f(x) and the true function values at design points where all the input variables are at

their bounds. To do this, an additional delta (d) term is subtracted from the lower

bounding equation (Equation 34).

4 4
L(x)=b, +@ bx +Q b,x* +

i=1 i=1

?a‘l ij | j aa ( i)(l_ Xi)-d (34)

I\ mow

This dterm is the maximum positive difference found by subtracting the true

function value from the response surface value for al the pointsin the CCD where every

input value is at abound. Thisterm shifts f () down, so that at the endpoints, the value

predicted by F(X)- d islessthan or equal to the true value. A graphical representation

of this shift for a one-dimensional response surface is shown in Figure 29.
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In this example the original response surface over predicts the true objective
function value for some pointsin the design space, including one of the endpoints. Thed

term is used to shift the response surface so that at the endpoints of the design space,

F(x) - d predicts valuesless than or equal to the true function value.
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Figure 29: Shifting RSE by d

Even after f(x) is shifted by the d term, it is still possible that at some points in
the design space it will over-predict the true function value. This over prediction is
corrected by the convex underestimating terms. The values of the aj's in the
underestimation terms need to be set appropriately in order to make L(Y) alower bound

of the entire design space.  Figure 30 shows the effect the addition of the convex
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underestimating terms have on f(x)- d. At the endpoints, the lower bound equals the

value of F(x) - d; thisis again because the convex underestimating terms do not have an

effect at points in the design space where all the input values are at an endpoint. Away

from the endpoints, Figure 30 shows the effect of the underestimators. When the

appropriate a;'s are found, L(X) provides values that are equal to or below the values of

the original function throughout the entire design space.

Function Value

Design Variable

Figure 30: Formation of Lower Bound

A method for the determination of the appropriate values for the a;'s in the lower
bounding equation had to be developed for this research. This proves to be an interesting
problem because information about the design space is needed in order to determineif the

values provided by the lower bounding equations are in fact lower bounds. The convex
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underestimating equation used for this research was developed for applications where a
closed form analytical equation is used to determine the function value ( f (X)). This has

many advantages, including being able to easily determine the origina value of the
function anywhere in the design space. Now that these underestimating techniques are
being applied to an engineering code, the ability to quantify the entire design space
before the optimization problem begins is not possible. Therefore, a process had to be
developed that alows for the forming of the lower bounds with only limited knowledge
of the design space. In order to form the response surface equations for a specific engine
choice, the design code was run at the 25 unique input settings specified in the central
composite design of experiments (Table 34). This provides some knowledge of the true
design space and the lower bound can be compared with these points. However, these
points only provide information about the center and edges of the design space.
Additional information is needed about the interior to be able to determine the proper
underestimation terms. The desire for information about the entire design space has to be
balanced by the time considerations involved with evaluating the engine design code at
many distinct input settings. This balance led to the decision to also run the engine code
at an additional 2" points, where n is the number of input variables. These points were
placed in the design space in the areas covered the least by the original CCD. The input
values for these points were the full-factorial combination of the input variables being set

at either a normalized value of -0.5 or 0.5. Again, bounds are established for each input
variableand f (%) is fit using normalized versions of these bounds where -1 represents a

lower bound and 1 represents an upper bound. Therefore, -0.5 represents a point one-

quarter of the way between the lower and upper bound, and 0.5 represents a point that is
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three-quarters of the way between the two bounds. Figure 31 shows the points that would

be used to form F(X) (the RSE) and check the lower bounding equation for a 2-D design.
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Figure 31: Points Used to Form Lower Bound (2-D)

Table 35: Additional Points Used to Establish Lower Bounds

Vacuum Expansion Mixture Chamber

Thrust Ratio Ratio Pressure
-0.5 -0.5 -0.5 -0.5
-0.5 -0.5 -0.5 0.5
-0.5 -0.5 0.5 -0.5
-0.5 -0.5 0.5 0.5
-0.5 0.5 -0.5 -0.5
-0.5 0.5 -0.5 0.5
-0.5 0.5 0.5 -0.5
-0.5 0.5 0.5 0.5
0.5 -0.5 -0.5 -0.5
0.5 -0.5 -0.5 0.5
0.5 -0.5 0.5 -0.5
0.5 -0.5 0.5 0.5
0.5 0.5 -0.5 -0.5
0.5 0.5 -0.5 0.5
0.5 0.5 0.5 -0.5
0.5 0.5 0.5 0.5
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The corner points are the full factorial portion of the central composite design, the
points on the dotted lines are the center and on-face star points, and the open circles
represent the %2 points (+/- 0.5). For the current work, which includes four input
variables, Table 35 lists the additional points run for each engine choice in order to
establish the lower bounding equations. For n continuous variables, the number of total
design points that must be run to determine the lower bounding equations is 2" + 2" + 2n
+ 1 (includes CCD and Y2 points). The output values obtained from the rocket engine
code for the pointsin Table 35 are stored in the same results database as the outputs from
the points used to fit the RSE. Therefore, these Y2 points can also be run before the

engine optimization process.

When a particular engine cycle is being optimized, the first step in forming the
lower bounds of its continuous space will be to access the results database and fit RSE's

((x)) to the output variables of interest. Then, the d term for each f(x) is determined

by finding the maximum positive difference between the value predicted by f~(i) and the
value found in the results database for the points at which all the input variables are at
either their upper or lower bound. Now the values for the a coefficients in the lower
bounding equation can be found. These are set by comparing the lower bounding value
and true function value of each point in Table 34 and Table 35, except those points where
al the input variables are at an endpoint. Each lower bounding equation will have an a
value for each continuous input variable. For the final application of the new
optimization method, four continuous input variables are used, so each lower bounding

equation will have four a terms. The a vaues are increased until the lower bound
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predictions for all non-bound points are less than the true function values stored in the
response database. This guarantees that the lower bound equation provides a lower
bound of the design space only at the specific points that were analyzed. Therefore, a
margin is then chosen where the difference between the true function value and the
values obtain by the lower bound equation must be greater than this margin for all the
points used to find the a;’s. The larger this margin is made, the more likely the lower
bound equation will be valid throughout the entire design space. However, the
optimization method will also be less efficient because the lower bound equation will
most likely be greatly under-predicting the real function values. This will cause more
infeasible designs in the true design space to be feasible in the lower bounding space and
also cause less designs to be eliminated by the upper bounds found during the
optimization routine. However, if the margin is set to zero, there is the chance that the
lower bound equations will not be valid through the design space. Thisis especialy true
if the design space is not well behaved, such as in multi-modal spaces or spaces in which
the value of the global minimum is significantly less than values obtained in the mgjority

of the design space. The value chosen for the margin is therefore problem dependent.

For both the proof-of-concept and the final application, the design space for both
rocket engine codes proved to be relatively well behaved. Therefore, a smaller value for
the margin could be used without sacrificing the lower bounding properties of the
approximation. For each application, the final margin value that was decided on was 1%
of the average value for a particular output over all the casesin the results database. So if

the average vacuum lg, for a certain engine, over al the points in the CCD and the %2
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points, was 300 seconds, the lower bounding equation for vacuum Iy, would have to give

values that were at a minimum of 3 seconds lower than the true values.

For the optimization problems solved for this research, the proper values for each
a term were determined using a nonlinear optimization technique, specifically method of
feasible directions. The objective function of the NLP was to minimize the sum of all the
a terms subject to the constraint that at the ¥z points and the non-bound points in the
CCD the lower bounding equations under predict the true values by at least the margin
percentage. The procedure is designed to find the lower bounding equations that best

approximate the true design space.

Recall the graphs comparing the true value of the Vulcain’s vacuum lg, to that
predicted by the response surface equation (pages 88 and 89). These graphs are repeated
below except now they show the negative of vacuum lg, and the lower bounds on
negative |y, predicted using the method outlined above. The negative of Iy, is used
because specific impulse is commonly an objective function that is maximized. In the
optimization problem, negative Is, is minimized, instead of positive I, being maximized,
because the standard form of optimization problems require that the objective function be
minimized. As these graphs show, the response surface equation has now been
transformed into a valid lower bound of negative vacuum lg, over the entire design space.
This lower bound is used together with the lower bounds of the other output variables to

form the lower bounding space used in the optimization process.

105



Vacuum Isp (sec)

Vacuum Isp (sec)

-410

-415

-420

-425

-435 4

—_ L(X) (Lower Bound)

300 400 500 600 700 800

Vacuum Thrust (klbs)

100 200

Figure 32: Vacuum lg, vs. Tvac (L ower Bound)

-410 A

-420

&
o

)() (Org. Function)

— f

—

X (RSE)

(
f(

—_—— L(X) (Lower Bound)

-450 A

-460

20 40 60 80 100 120 140

Expansion Ratio

Figure 33: Vacuum |, vs. e (Lower Bound)

106




Vacuum Isp (sec)

Vacuum Isp (sec)

-410

-415

-420

_— f ()() (Org. Function)
()

RSE)
—_— L()() (Lower Bound)

-425

5 55 6 6.5 7

Mixture Ratio

Figure 34: Vacuum lg, vs. O/F (Lower Bound)

75

-415

-420

-425 A

&
o

500 1000 1500 2000 2500 3000 3500
Chamber Pressure (psia)

Figure 35: Vacuum lg, vs. Pc (L ower Bound)

107

4000

|
1
-

()() (Lower Bound)




It has been mentioned previoudly that the lower bounding space expands the

feasible region of the true design space. Figure 36 illustrates this fact by showing a plot

of sea-level thrust versus expansion ratio for the Vulcain engine. Also included in this

graph, are the upper and lower bounds of Ty used in the lower bound optimization

process. The lower bound values of Ty are found by performing the lower bounding

procedure outlined above on the positive values of Ty. Thisyields an equation that under

predicts sea-level thrust. The upper bound on sea-level thrust is found by performing the

above procedure on the negative values of Tyq. This gives an equation that under predicts

the negative of the values of sealevel thrust (i.e. gives more negative values).

results are then multiplied by -1 to get the positive upper bounds.
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For each output of the engine code, upper and lower bounding equations are
formed. In the lower bounding optimization procedure, the lower and upper bounds
developed for al the output values are used to either determine the objective function or
constraint values. If a constraint on the optimization problem requires that a particular
output be greater than or equal to a certain value, the upper bound on that output is used
to evaluate the constraint. Likewise, if a constraint requires that a particular output be
less than or equal to a certain value, the lower bound on that output is used. In this way,
the feasible space is expanded which aids in finding optimal values that are lower bounds

of the true design space.

There are aternate methods by which the response surface equations of the
continuous design spaces could be used to find the optima mixed-input solution. The
simplest approach would be to use unadjusted response surfaces to predict the solutions
of the continuous spaces. However, this could easily lead to the optimal solution being
missed, since there will most likely be error associated with the predictions of the RSE’s.
Constraints could be relaxed to provide a larger feasible space when using the unaltered
RSE’s, but this will still not guarantee that the optimal solution will be found. Turning
the response surface equations into lower bounding equations provides many advantages
over using unaltered RSE’ s with relaxed constraints. The ability to determine bounds on
the optimal solution provides an exact way to establish which true continuous design
gpaces must be investigated. A simpler method for forming the lower bounding
equations by simply shifting the RSE's by a larger d term and eliminating the

underestimator terms (a terms) was considered. However, this has the potentia to
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provide less accurate lower bounds when compared to using both the d and a terms to
form the lower bounding equations. Thisis because using both the d and a terms allows
the lower bounds to be tailored in order to more specifically match each portion of the

design space.

5.3 Example Problem

An example problem will now be solved to further illustrate the new optimization
scheme. This example, which is a modified version of one listed in reference 22, was
chosen to provide a ssimple problem on which to demonstrate the features of the new
optimization method. This problem can be solved by existing MINLP methods because
the discrete variables can be relaxed. Therefore, when compared to existing MINLP
algorithms, the new method will most likely be less efficient at solving this example.

However, the solution process will still provide insight into the new optimization scheme.

Equation 35 shows the problem which will be solved. The objective function that
will be minimized is nonlinear with respect to both the discrete and continuous variables.
The first constraint is nonconvex with respect to x; and linear with respect to x,. The
second constraint is nonlinear in the continuous space and the final constraint is linear in
both the continuous and discrete space. The optima solution for this problem is an

objective function value of 11.272 at x; = 0.2, X, =-1,andy = 1.
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min O.8+5(x2 - \/x_l)z - O.7In(y) (35a)

X,y

st. g, =-e%%_x £0 (35b)
g, =X°+x,+11y- L.3£0 (35¢0)
0;=%-12y-02£0 (35¢)
02£x £1 (350)

- 2.22554£ x, £-1 (350)
y=123 (35e)

The first step in solving the example is to determine the lower bounding space.
To do this, the objective function and constraints must be evaluated at the points needed
to form the centra composite design of experiments and at the %2 points used to
determine the values of the a terms. Thirty-nine function calls are required to find these
points for the example problem. After these points are determined, response surfaces are
made for the objective function and constraints using the CCD points calculated fory = 1,
2, and 3. The values obtained by the response surfaces are then compared to the true

values from the CCD and ¥ points to determine the appropriate a and d settings. Tables
36 - 41 show these comparisons. The RSE's of the objective function ( f (%)), for all the
discrete variable settings, provide a good model of the true space. However, there are
points where the F(Y)’s over-predict the true function value. The RSE’s for the first and
second constraints (g (Y)) also effectively model the true space, but their predictions are
not exact. For all the discrete variable settings, the §(x)’s for constraints 1 and 2 match

the data used to fit them exactly, but some error is seen at the ¥z points. For al the
discrete variable settings, the response surface equations for constraint 3 provide an exact
fit compared to all the data points sampled. Thisis because the constraint is linear and it

is therefore easy for g(X) to approximate this constraint.
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Table 36: Real Values and RSE Valuesfor Y=1

Xt X f®) 0 el k& eu® fx) 6K &K §&E&
-1 -1 3652 1226 -2281 -120 3662 1226 -2281 -1.20
-1 0 2202 0613 -1668 -1.20 2202 0.613 -1668 -1.20
-1 1 11.27 0000 -1.055 -120 1117 0000 -1.055 -1.20
0 -1 4580 0.734 -1884 -080 4560 0.734 -1884 -0.80
0 0 230 0121 -1271 -080 2930 0121 -1271 -0.80
0 1 1655 -0492 -0.658 -0.80 16.75 -0492 -0.658 -0.80
1 -1 5282 0000 -1426 -040 5292 0.000 -1426 -0.40
1 0 3493 -0613 -0.813 -040 3493 -0613 -0.813 -0.40
1 1 2080 -1.226 -0.200 -040 20.70 -1.226 -0.200 -0.40
-05 0.5 1960 008 -1173 -100 1955 0091 -1171 -1.00
-05 -0.5 3335 0698 -1.786 -1.00 3312 0.703 -1.784 -1.00
0.5 0.5 2502 -0516 -0.741 -0.60 2516 -0522 -0.743 -0.60
0.5 -0.5 40.38 0.097 -1354 -0.60 4042 0.091 -135 -0.60

Table 37: Difference Between True Values and RSE for Y=1

X1 X2 Obj D 01D 0D g:D

-1 -1 0.3% 0.0% 0.0% 0.0%

-1 0 0.0% 0.0% 0.0% 0.0%

-1 1 -0.9% 0.0% 0.0% 0.0%

0 -1 -0.4% 0.0% 0.0% 0.0%

0 0 0.0% 0.0% 0.0% 0.0%

0 1 1.2% 0.0% 0.0% 0.0%

1 -1 0.2% 0.0% 0.0% 0.0%

1 0 0.0% 0.0% 0.0% 0.0%

1 1 -0.5% 0.0% 0.0% 0.0%

-0.5 0.5 -0.2% 7.1% 0.2% 0.0%

-0.5 -0.5 -0.7% 0.7% 0.1% 0.0%

0.5 0.5 0.6% -12%  -0.3% 0.0%

0.5 -0.5 0.1% -6.2% -0.2% 0.0%
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Table 38: Real Valuesand RSE Valuesfor Y=2

Xt X f®) 0 el k& eu® fx) 6K &K §&E&
-1 -1 36.03 1226 -1.181 -240 3614 1226 -1.181 -2.40
-1 0 2153 0613 -0568 -240 2153 0.613 -0.568 -2.40
-1 1 10.79 0000 0.045 -240 1068 0000 0.045 -240
0 -1 4532 0.734 -0.784 -200 4511 0.734 -0.784 -2.00
0 0 2881 0121 -0.171 -200 2881 0121 -0.171 -2.00
0 1 16.06 -0.492 0442 -200 16.27 -0492 0442 -2.00
1 -1 5234 0000 -0326 -1.60 5244 0.000 -0326 -1.60
1 0 3445 -0613 0287 -160 3445 -0613 0287 -1.60
1 1 2031 -1226 0900 -1.60 2021 -1226 0900 -1.60
-05 0.5 1911 008 -0.073 -220 1906 0.091 -0.071 -220
-05 -0.5 3287 0698 -0.68 -220 3263 0.703 -0.684 -2.20
0.5 0.5 2453 -0516 0359 -1.80 2467 -0522 0357 -1.80
0.5 -0.5 3990 0097 -02%4 -180 3994 0.091 -0256 -1.80

Table 39: Difference Between True Values and RSE for Y=2

X1 X2 Obj D 01D 0D g:D

-1 -1 0.3% 0.0% 0.0% 0.0%

-1 0 0.0% 0.0% 0.0% 0.0%

-1 1 -1.0% 0.0% 0.0% 0.0%

0 -1 -0.5% 0.0% 0.0% 0.0%

0 0 0.0% 0.0% 0.0% 0.0%

0 1 1.3% 0.0% 0.0% 0.0%

1 -1 0.2% 0.0% 0.0% 0.0%

1 0 0.0% 0.0% 0.0% 0.0%

1 1 -0.5% 0.0% 0.0% 0.0%

-0.5 0.5 -0.3% 7.1% 2.7% 0.0%

-0.5 -0.5 -0.7% 0.7% 0.3% 0.0%

0.5 0.5 0.6% -1.2%  -0.6% 0.0%

0.5 -0.5 0.1% -6.2%  -0.8% 0.0%
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Table 40: Real Values and RSE Valuesfor Y=3

Xt X f®) 0 el k& eu® fx) 6K &K §&E&
-1 -1 3575 1226 -0081 -3.60 3585 1226 -0.081 -3.60
-1 0 2125 0613 0532 -360 2125 0.613 0532 -3.60
-1 1 1050 0000 1145 -360 1040 0000 1145 -3.60
0 -1 4504 0.734 0316 -320 4483 0734 0316 -3.20
0 0 2853 0121 0929 -320 2853 0121 0929 -3.20
0 1 1578 -0492 1542 -320 1599 -0492 1542 -3.20
1 -1 5205 0000 0.774 -280 5216 0.000 0774 -2.80
1 0 3416 -0613 1387 -280 3416 -0613 1387 -2.80
1 1 2003 -1226 2000 -280 1993 -1226 2000 -2.80
-05 0.5 1883 008 1027 -340 1878 0091 1029 -340
-05 -0.5 3258 0698 0414 -340 3235 0.703 0416 -3.40
0.5 0.5 2425 -0516 1459 -3.00 2439 -0522 1457 -3.00
0.5 -0.5 3961 0097 0846 -300 3965 0.091 0844 -3.00

Table 41: Difference Between True Values and RSE for Y=3

X1 X2 Obj D 01D 0D g:D

-1 -1 0.3% 0.0% 0.0% 0.0%

-1 0 0.0% 0.0% 0.0% 0.0%

-1 1 -1.0% 0.0% 0.0% 0.0%

0 -1 -0.5% 0.0% 0.0% 0.0%

0 0 0.0% 0.0% 0.0% 0.0%

0 1 1.3% 0.0% 0.0% 0.0%

1 -1 0.2% 0.0% 0.0% 0.0%

1 0 0.0% 0.0% 0.0% 0.0%

1 1 -0.5% 0.0% 0.0% 0.0%

-0.5 0.5 -0.3% 7.1% 0.2% 0.0%

-0.5 -0.5 -0.7% 0.7% 0.5% 0.0%

0.5 0.5 0.6% -12%  -0.1% 0.0%

0.5 -0.5 0.1% -6.2%  -0.3% 0.0%
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The delta percentages shown in the tables above are the calculated using Equation
36. Therefore, a positive delta indicates that the RSE is over-predicting a value. This
occurs for both the objective function and constraints 1 and 2. The over prediction of the
constraint values causes the feasible region represented by the RSE to be smaller than the

true feasible region in some portions of the design space.

~

oo (R 1) - (6(6)- o(x) .
abs( f (x)) abs(g(x))

At all the endpoints of the design space the constraint values predicted by the
d(x)’s match the true values. Therefore, the d termsin al the constraint lower bounding
equations are set to zero. However, for each discrete variable setting, there are endpoints
for which the f(%) of the objective function over-predicts the true function value, so their
will be nonzero d terms in the objective function lower bounding equations. For the
objective function and constraints 1 and 2, a margin value of 0.5% was chosen. The
RSE’s for these values show some error, when compared to the true values, but the
overall good agreement allows this margin value to be set relatively low. The g(x)'s for
constraint 3 predict the values so well that a very small margin can be used to determine
the a values of the lower bounding equations. A margin of 0.1% was chosen for this
example. In practice no margin is needed for this constraint term and the a’s could be set
to zero since g,(x) exactly matches the true space. It should also be pointed out that in
this particular example the first constraint is not a function of the discrete variable and
that is why its value is the same for all the discrete variable settings. Now that all the

lower bounding information is available, the lower bounds of the design space can be
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formed using the RSE’s as a starting point. These lower bounds can then be used in the

optimization procedure. Tables 42 - 47 show the lower bound results.

Table42: Real Valuesand Lower Bound Valuesfor Y=1

X X % g L& Lx) ux) LK)
Xo X o f®) 6 k) 6 ot))(j g)l( g: g;(

-1 -1 3652 1226 -2281 -1.20 3652 1226 -2281 -1.200
-1 0 2202 0613 -1668 -1.20 21.84 0.610 -1676 -1.201
-1 1 11.27 0.000 -1.055 -1.20 11.06 0.000 -1.055 -1.200
0 -1 4580 0.734 -1884 -080 4530 0.725 -1.893 -0.801
0 0 2930 0121 -1271 -0.80 2894 0109 -1.289 -0.802
0 1 1655 -0492 -0658 -0.80 1646 -0.501 -0.668 -0.801
1 -1 5282 0.000 -1426 -040 52.82 0.000 -1.426 -0.400
1 0 3493 -0613 -0.813 -040 34.7/6 -0616 -0.821 -0.401
1 1 20.80 -1.226 -0.200 -040 2059 -1.226 -0.200 -0.400
-0.5 0.5 19.60 008 -1.173 -1.00 1925 0081 -1.184 -1.002
-05 -05 333 0698 -17/86 -1.00 3282 0.694 -1.797 -1.002
0.5 0.5 25.02 -0516 -0.741 -060 2486 -0.531 -0.757 -0.602
0.5 -0.5 4038 0097 -1.354 -060 4013 0081 -1.369 -0.602

Table 43: Difference Between True Values and Lower Bound Valuesfor Y=1

X1 X2 ObjD 9D gD gs D
-1 -1 0.0% 0.0% 0.0% 0.0%
-1 0 -0.8% -05% -05% -0.1%
-1 1 -1.9% 0.0% 0.0% 0.0%
0 -1 -1.1%  -12% -05% -0.1%
0 0 -12%  -99% -14% -0.3%
0 1 -05% -18% -15% -0.1%
1 -1 0.0% 0.0% 0.0% 0.0%
1 0 -05% -05% -1.0% -0.3%
1 1 -1.0% 0.0% 0.0% 0.0%

-0.5 0.5 -1.8% -47% -09% -0.2%
-0.5 -0.5 -1.6% -06% -06% -0.2%
0.5 0.5 -0.6% -29% -22% -0.3%
0.5 -0.5 -0.6% -16.5% -1.1% -0.3%

116



Table 44: Real Values and L ower Bound Valuesfor Y=2

- - - - L(X L{X L{X L{X
R L X X I e L
-1 -1 36.03 1226 -1.181 -240 36.03 1226 -1.181 -2.400
-1 0 2153 0.613 -0568 -240 21.36 0.607 -0.572 -2.403
-1 1 10.79 0.000 0.045 -240 1058 0.000 0.045 -2.400
0 -1 4532 0.734 -0.784 -2.00 4482 0.728 -0.788 -2.002
0 0 2881 0121 -0171 -200 2846 0109 -0.179 -2.005
0 1 16.06 -0492 0442 -200 1598 -0498 0438 -2.002
1 -1 52.34 0.000 -0326 -160 5234 0.000 -0.326 -1.600
1 0 3445 -0613 0287 -160 3428 -0619 0.283 -1.603
1 1 2031 -1226 0900 -160 2011 -1.226 0.900 -1.600
-0.5 0.5 1911 0085 -0.073 -220 18.77 0081 -0.077 -2.204
-05 -05 3287 06977 -068 -220 3234 0.694 -0.690 -2.204
0.5 0.5 2453 -0516 0359 -1.80 2438 -0531 0351 -1.804
0.5 -0.5 3990 0097 -0254 -1.80 39.65 0081 -0.262 -1.804

Table 45:; Difference Between True Values and L ower Bound Valuesfor Y=2

X1 X2 Obj D 01D 0D g:D
-1 -1 00% 00% 00%  0.0%
-1 0 -08% -1.0% -0.7% -0.1%
-1 1 -19% 00% 00%  0.0%
0 -1 -1.1% -08% -05% -0.1%
0 0 -12%  -99% -47% -0.2%
0 1 -05% -12% -09% -0.1%
1 -1 00% 00% 00%  0.0%
1 0 -05% -1.0% -14% -0.2%
1 1 -1.0% 00% 00%  0.0%
-0.5 05 -18% -47% -55% -0.2%
-0.5 -0.5 -16% -05% -06% -0.2%
05 05 -06% -29% -22% -0.2%
05 -0.5 -06% -165% -31% -0.2%
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Table 46: Real Valuesand L ower Bound Valuesfor Y=3

- - - o L(X L{X L{X L{X
R T B R X I A U
-1 -1 3575 1226 -0.081 -3.60 3575 1226 -0.081 -3.600
-1 0 2125 0.613 0532 -3.60 2108 0.607 0525 -3.604
-1 1 1050 0.000 1145 -360 1029 0000 1.145 -3.600
0 -1 4504 0.734 0316 -320 4454 0.727r 0308 -3.203
0 0 2853 0121 0929 -320 2817 0109 00913 -3.207
0 1 1578 -0492 1542 -320 1570 -0.498 1533 -3.203
1 -1 5205 0.000 0.774 -280 5205 0.000 0.774 -2.800
1 0 3416 -0613 1387/ -280 3399 -0.619 1380 -2.804
1 1 2003 -1226 2000 -280 1982 -1.226 2000 -2.800
-05 05 1883 008 1027 -340 1849 0081 1018 -3.405
-05 -05 3258 06977 0414 -340 3206 0.694 0405 -3.405
0.5 0.5 2425 -0516 1459 -3.00 2410 -0531 1445 -3.005
05 -05 3961 0097 0846 -300 3936 0081 0.832 -3.005

Table 47: Difference Between True Values and L ower Bound Valuesfor Y=3

X1 X2 Obj D 01D 0D g:D
-1 -1 00% 00% 00%  0.0%
-1 0 -08% -1.0% -13% -01%
-1 1 -20% 00% 00%  0.0%
0 -1 -1.1%  -1.0% -25% -0.1%
0 0 -13%  -99% -1.7% -0.2%
0 1 -05% -12% -06% -0.1%
1 -1 00% 00% 00%  0.0%
1 0 -05% -1.0% -05% -0.1%
1 1 -1.0% 00% 00%  0.0%
-0.5 05 -18%  -47% -09% -0.1%
-0.5 -0.5 -16% -05% -22% -0.1%
05 05 -06% -29% -1.0% -0.2%
05 -0.5 -06% -165% -1.7% -0.2%
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For the constraint functions, the D's found by comparing the lower bounds to the
true values are negative, except at the endpoints of the design space. Those D's are zero
because the d term was set to zero in the lowering bounding equations, since the g(x)'s
exactly matched the true space at all the endpoints. However, the lower bounding values
for the objective functions at some of the endpoints are negative. This is because the d
term in the lower bounding equations used to model the objective function is nonzero, for
al the discrete variable settings. For the objective function and constraints 1 and 2, the
maximum D between the lower bounds and the true space, not including the endpoints, is
-0.5%. This is the value that the margin was set to for these lower bounds for all the
discrete variable choices. Likewise, the maximum D for constraint 3, for every discrete
variable choice, is -0.1% (aso excluding the endpoints). This value is equa to the

margin set for constraint 3.

The following tables show the values used to get the lower bounding equation for
the objective function when y = 1. These tables are shown to further illustrate the
solution method. Table 48 gives the b terms used to make the response surface equation
(f(x)). Thea and d terms used to transform f(x) into alower bound ( L(X)) are shown
in Table 49. As areminder, the inputsinto f(x) and L(X) are the values of X; and X

that have been normalized to be between -1 and 1.
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Table48: f(x) Coefficientsfor Y = 1

Response Surface Term Coefficients
Intercept 29.29760
X1 6.45759
X2 -14.42077
X1* X1 -0.82235
X1* Xo -1.69365
Xo* Xo 1.87744

Table 49: L(Y) Constantsfor Y =1

Response Surface Term Coefficients
d 0.1041
ay, 0.1869
ay, 0.0705

Now that all the lower bounding equations are known, they can be used to get the
lower bound of the optima solution for the discrete variable choices. The lower
bounding equations for y = 3 do not provide a feasible solution. This means that this
discrete variable choice is aso infeasible in the true design space. Therefore, this discrete
variable choice can be eliminated as a possible optimal solution. The lower bounding
results for y = 1 and y = 2 are shown in Table 50 and Table 51. Since the lowest
objective function value is provided by the optimum of the lower bounding space of y =
1, this discrete variable setting is used to find the first upper bound, which is found by
solving the true space with y = 1. After investigating the continuous space, the upper
bound on the solution is 11.272 and the lower bound is 11.064. The current upper bound
is less than the solution of the lower bound of the y = 2 space, which is 18.040.

Therefore, the true space obtained when y = 2 does not have to be investigated since it
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will not provide a solution that improves the upper bound. Sincey =2 and y = 3 have
been eliminated as solution choices, the optimal solution of the optimization problem is

the upper bound, 11.272, found wheny =1, x; = 0.2 and x, =-1.0.

Table 50: Solutionsfor Lower Bound and True Spacefor Y =1

Xl X2 Obj 01 02 O3
Lower Bound Solution  0.200 -1.000 11.064 0.000 -1.055 -1.200
True Solution 0.200 -1.000 11272 0.000 -1.055 -1.200

Table 51: Solutionsfor Lower Bound and True Spacefor Y =2

X]_ X2 Ob] O1 02 O3
Lower Bound Solution 0421 -1.251 18.040 0.000 0.000 -2.183
True Solution 0448 -1.282 19354 0.000 0.000 -2.152

5.4 Applicability of New Optimization M ethod

The new optimization method developed for this research has been tailored to
work well with the rocket engine design codes to which it was applied. However, this
method will work well on any other optimization problems with similar features. These

include problems with the following characteristics.

= Mixed-Integer inputs where the discrete variables can not be relaxed
= A continuous variable design space that is smooth and free of discontinuities
= Objective and constraint values supplied by an anaysis that is expensive (time

consuming) to run
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While the method is designed for problems with the above features, it will work for
other applications, but perhaps less efficiently. For problems where the discrete inputs
can be relaxed and the analysis isn’'t time consuming, like the example problem outlined
above, other optimization methods will be able to find the solution in less computational
time. However, this method is still able to solve such problems. Also, the method can be
adapted to handle problems where the continuous input variable design space is not well-
behaved. This could include problems with sharp, deep extrema or possibly even multi-
modal spaces. For these types of continuous spaces, the margin used to find the a terms
would have to be dramatically increased to ensure that the lower bounding procedure
gives alower bound. Also, the NLP method used to find the optimal solutions of the true
continuous spaces would most likely have to be changed to an optimization method
capable of handling multi-modal spaces. Some possible methods include genetic
algorithms, ssimulated annealing, multilevel coordinate search, or Branch and Reduce

[72,112,113].

Even if the domain of applicability of this method is limited to problems with the
original features mentioned above, problems with these characteristics still represent
difficult applications for which very few, if any, optimization techniques can solve. It
should also be noted that no restrictions are placed on the discrete variables. This allows
for the solutions of problems with highly nonlinear, discrete variable spaces without any

additional difficulty.
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CHAPTERG6

PROOF — OF — CONCEPT

6.1 Problem Description

The optimization technique outlined in Chapter 5 needs to be tested on a relevant
problem to validate the new method. In order to be able to quickly test the optimization
method on many different problems, afast running design code was needed. The use of a
fast running code, alows the optimal solution to be found relatively quickly, by solving
al the nonlinear optimization problems associated with every discrete variable
combination. The test code should also have features similar to PHATCAT, which will
be used in the final application. These include the use of mixed-inputs, where the
discrete variables can not be relaxed, and a continuous variable design space that is well-
behaved. The code that was chosen for the proof-of-concept demonstration is SCORES.
Recall that SCORES is a relatively simple engine design tool that determines rocket
performance characteristics very quickly. It uses efficiencies on the ideal performance
outputs to model different rocket engine powerhead cycles. SCORES has both
continuous and discrete inputs and the discrete input variables are not able to be relaxed.
This, combined with its fast execution time, makes SCORES a good choice for a code on

which to test the new optimization scheme.
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The SCORES discrete input variables that were used for this analysis were the
fuel and oxidizer choices. The continuous variables used were the desired chamber
pressure, oxidizer to fuel mixture ratio and the nozzle expansion ratio. As mentioned
above, SCORES uses efficiencies to scale its performance outputs depending on the
engine cycle being analyzed. To avoid choosing a particular cycle, the ideal performance
values were used for the optimization metrics. The objective function for all the
optimization test problems was the ideal specific impulse. However, I, should be
maximized. To accomplish this, the negative of the ideal 14, was minimized. Variables
used as constraints on the optimization problem were sea-level thrust (Ty), nozzle exit
area (A¢) and engine vacuum thrust to weight (T/W). The SCORES inputs and outputs

that were used for the proof-of-concept problems are shown below in Table 52.

Table 52: Input and Output Descriptionsfor the Proof-of-Concept Problem

Input Discrete/Continuous Output Objective/Constraint
Fuel Discrete Ideal I1sp Objective
Oxidizer Discrete Sea-level Thrust Constraint
Chamber Pressure Continuous Nozzle Exit Area Constraint
Mixture Ratio Continuous Engine T/W Constraint
Expansion Ratio Continuous

The version of SCORES used for this research does not supply engine T/W as one
of its outputs. However, the engine’s T/W istypically avery important metric for rocket
powered space vehicles. In order to include engine weight in this analysis, a simple
calculation for T/W was created. This calculation was based on empirical equations

found in reference 85. However, the original equations given in the reference only
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provide engine weight as a function of vacuum thrust, which was fixed at a value of 1
MIbs for the proof-of-concept problems. Therefore, in order to make T/W a function of
the input variables used for these example problems, the model was adjusted to make the
calculated engine weight a function of engine mixture ratio, chamber pressure and fuel

choice.

The discrete input variables used for the proof-of-concept cases are the fuel and
oxidizer combinations. Thirteen different fuel and oxidizer combinations were selected
for this test problem, with each one representing a discrete variable choice in the new

optimization scheme.

Table 53: Fuel and Oxidizer Combinations

Combination Fuel Oxidizer
1 Hydrogen Oxygen
2 Methane Oxygen
3 Propane Oxygen
4 RP-1 Oxygen
S Cr76H131 Oxygen
6 Cs26H1s5 Oxygen
7 CiosH1s7 Oxygen
8 Methane H,0,
9 Propane H>0,

10 RP-1 H,O,
11 Cr76H131 H.02
12 Cg26H155 H>0>
13 CiosH1s7 H.Oz

SCORES has several built-in fuel and oxidizer choices and also has the option to
add new fuels if desired. The fuels first listed for combinations 5, 6, and 7 in Table 53

are new fuels that were added to SCORES. New fuels are added by specifying the
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number of carbon and hydrogen atoms in one molecule of the fuel, along with the fuels
initial enthalpy. The fuels in combinations 5 and 6 are types of gasoline and the fuel in
combination 7 is diesel. The values used to model these fuels in SCORES were taken
from reference 80. Though the new fuel choices are non-traditional rocket fuels, which
would most likely not be considered for an actual engine design, they were added to the
anaysisin order to give more discrete variable choices and therefore provide a better test

problem.

6.2 Proof-of-Concept Test Cases

Ten different test cases were used to study the performance of the new
optimization method. These test cases ranged from unconstrained optimization to cases
involving constraints on all of the output variables. Equality constraints were also
included. These cases were chosen to try to illustrate the different types of problems that
can be solved with the new optimization procedure. The cases used are listed in Table

54.

To solve these cases using the proposed optimization method, a C-code was
written that ran and stored the results for the engine analyses needed to populate the
design points used to determine the lower bounding equations. Then, another C-code
took the generated data and formed the response surface equations that represent the

SCORES output variables of interest. These response surface equations were then turned
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into lower bounding equations by finding the correct d and a terms using the methods

described in Chapter 5.

Table 54: Constraints used for Proof-of-Concept Problems

Case Constraint 1 Constraint 2 Constraint 3
1 N/A N/A N/A
2 T/W?3 835 N/A N/A
3 T/W?3 95 N/A N/A
4 T/W?3 90 Tl 3 800000Ibs N/A
5 Td 3 895123lbs N/A N/A
6 Ae £ 50ft? N/A N/A
7 Td £ 902568lbs Tdl 3 863789Ibs N/A
8 T/W 3 89.2 Ae £135ft? Td 3 785028lbs
9 T/W?3 87.3 Td =698000lbs N/A
10 Td 3 900000l bs N/A N/A

To obtain the optimized solutions of the true continuous design space, the lower
bounding C-code and SCORES was used in conjunction with a program called
ModelCenter [114]. ModelCenter is a frameworks code that alows the easy integration
of various codes regardless of the platform on which they are running. Also,
ModelCenter has a built-in optimization routine, which includes three constrained
nonlinear optimization methods. Sequentia linear programming was used to find the
optimal values of the true continuous design space and the method of feasible directions
was used find the appropriate a values and the optimum of the lower bounding space.
Figure 37 shows a screenshot of the ModelCenter application used to solve the lower

bounding problem.

To determine the abilities of the new optimization procedure, the solution of each

case shown in Table 54 was found using both the new optimization method, and by
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finding the optimal solution of the continuous design space for every discrete variable
choice. The success of the new optimization method was determined by seeing if it could
get the same optimal solution obtained by solving every discrete variable combination,

but with significantly fewer function calls to SCORES.
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Figure 37: ModelCenter Interface

To find the lower bounding equations of the continuous design space for asingle
discrete variable combination, 15 function calls were needed to fill in the CCD and an
additional 8 were needed to find the output values at the ¥2 points. Therefore, in order to
determine the lower bounding equations for all the discrete variable combinations,

SCORES had to be run 299 times. Remember, however, that information used to get the
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lower bounding equations was saved in a database file and therefore the information only

had to be generated for the first optimization case solved.

It took an additional 860 SCORES function calls to evaluate the continuous
variable nonlinear optimization problems (NLPs) needed to solve all ten cases using the
new optimization method. As acomparison, to solve all ten cases by finding the solution
to the continuous variable nonlinear optimization problems for all the fuel and oxidizer
combinations took 5687 SCORES function calls. Including the function calls needed to
find the lower bounds, the new method only takes 20% of the function calls required by
the enumeration method. Also, the enumeration method and the new optimization
method being proposed for this research got the same answer for each case. Table 55
shows the results for the number of function calls needed for each of the ten cases. As
can be seen by these results, for every case, the proposed optimization method is much

more efficient than enumerating al the discrete choices.

Table 55:; Proof-of-Concept Results
Number of NLPs

Case Fur_lction Calls Function Callsw/ eval uated W/ new % of Baseline

(Solving all NLPs) new method method Function Calls
1 295 30 1 10.2%
2 394 53 2 13.5%
3 398 62 3 15.6%
4 661 188 3 28.4%
5 583 53 1 9.09%
6 645 60 1 9.30%
7 685 46 1 6.72%
8 699 177 3 25.3%
9 788 174 2 22.1%
10 539 17 1 3.15%
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More detailed results will now be presented for Case 8 and Case 10. These results
are intended to lend further insight into the optimization procedure. Table 56 shows the

values of ideal |, obtained by the lower bounding procedure ( L(X)) and by optimizing
the true continuous design space ( f (X)) for all 13 discrete variable combinations. The

true continuous space was optimized for all the discrete variable combinations to help
further illustrate the new optimization method. The new method only requires that the
true continuous space of three discrete variable combinations be investigated. As
expected, the values of ideal |y, (actualy the negative of ideal lg, because Iy, is being
maximized) obtained by the lower bounding procedure are less than the values obtained
by solving the NLP of the true space. Also, the same five cases are infeasible for each

solution method.

Table 56: Resultsfor Proof-of-Concept - Case 8

Combination L(x) for Ideal I, (sec) f (x) for Ideal Ig (sec)
1 infeasible infeasible
2 infeasible infeasible
3 -326.9773 -325.2923
4 infeasible infeasible
5 -342.1558 -340.6288
6 -347.8846 -345.1155
7 -346.5635 -344.1238
8 infeasible infeasible
9 -362.5682 -359.8209
10 infeasible infeasible
11 -372.4407 -366.8554
12 -372.0730 -367.8708
13 -370.7460 -367.7762

According to Table 55, three NLP solutions were required to solve Case 8 using

the new optimization method. These three NLP solutions were for combinations 11, 12,
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and 13. Combination 11 provides the lowest lower bound, so its NLP was solved first,
yielding an upper bound of -366.8554 seconds. Combinations 12 and 13 are the only
combinations to have lower bounds less than this upper bound. Therefore, the rest of the
combinations can be eliminated from consideration. Next, the NLP for combination 12
was solved, and its solution provides a better upper bound than the one obtained from
combination 11. Therefore, the new upper bound value is -367.8708. Finally, the NLP
for combination 13 was solved and its solution does not provide a better upper bound.
Therefore, the solution of the NLP for combination 12 is the optimum (-367.87 sec).
This solution occurred at the following continuous variable settings. O/F = 6.0, expansion
ratio = 103.197, and chamber pressure = 3600.523 psia. Before the optimization
procedure, upper and lower bounds were established for each of the continuous input
variables. These bounds are listed in Table 57. At the final solution, the O/F is set to its
upper bound but the other input variables are not at either of their bounds. The constraint

values at the optimal solution are shown in Table 58.

Table 57: Continuous Input Variable Bounds

Continuous Input Variable Lower Bound Upper Bound
Mixture Ratio (O/F) 4.5 6
Expansion Ratio (e) 50 150

Chamber Pressure (P;) 2500 psia 4000 psia

Table 58: Constraint Values at Optimum (Case 8)

Constraint Value
Sea-Level Thrust (Ty) 785156 |bs
Exit Area (Ao 101.5 ft?
Thrust-to-Weight (T/W) 89.2
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As a note, the reason some of the more conventional fuels performed poorly in
this case was because of the T/W constraint. As mentioned earlier, an equation for T/W
was created that was a function of fuel type, O/F and chamber pressure. The dependence
on fuel type favored fuels with molecules that contained more C and H atoms. This was
done under the notion that fuels with larger molecules would be denser and therefore
easier to pump, leading to lighter turbo machinery. Therefore, the gasoline and diesel
fuels have better T/W’s and the optimizer can choose high chamber pressures, which has
a negative effect on T/W, to increase the performance without violating the T/W
constraint. The more traditional fuels must have lower chamber pressures to avoid
violating the T/W constraint and therefore their performance suffers. The notiona T/W

eguation was only created to show interesting trends for the example problem.

The solution to Case 8 demonstrates why every discrete variable setting with a
lower bound better than the current upper bound must be investigated. For this case, if
the discrete variable choice yielding the lowest lower bound (combination 11) was
chosen as the optimal combination, without investigating the remaining valid discrete
variable choices, the true optimal solution would be missed. The next case that will be
discussed is Case 10. Two sets of results for Case 10 are presented below. Table 59
shows the results obtained using the new optimization procedure with the standard lower

bounding equations (L(Y)), while Table 60 shows the results found using the new

optimization procedure with only the original response surface equations ( f~(i)).
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Table 59: Resultsfor Proof-of-Concept - Case 10

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 -464.3736 -459.9229
2 -363.1333 -361.6224
3 -347.7168 -346.3031
4 -340.2295 -338.7311
5 -337.5242 -336.1536
6 -340.3359 -338.9547
7 -336.5650 -335.3158
8 -356.4762 -346.1678
9 -356.7792 -354.9096
10 -360.2676 -356.9867
11 -363.8689 -357.8790
12 -362.0663 -358.0523
13 -360.9506 -356.5423

Table 60: Resultsfor Proof-of-Concept - Case 10 (Response Surface Only)

Combination f (%) for Ideal I, (sec) f (%) for Ideal I, (sec)
1 infeasible -459.9229
2 -361.2703 -361.6224
3 -345.9736 -346.3031
4 -338.4380 -338.7311
5 -335.8734 -336.1536
6 -338.6713 -338.9547
7 -335.0275 -335.3158
8 infeasible -346.1678
9 -352.1760 -354.9096
10 -356.2002 -356.9867
11 -357.0584 -357.8790
12 -357.0861 -358.0523
13 -355.4782 -356.5423

The results obtained using the lower bounding equations confirm the data
presented in Table 55. Combination 1 provides the best lower bound (-464.3736) and the
upper bound found by solving the true continuous space for that combination (-459.9229)

is lower than any remaining lower bounds. Therefore, only one NLP had to be solved to

133



find the optimal. However, if only the response surfaces were used, instead of the lower
bounding equations, the true optimal is not found. Instead of expanding the feasible
gpace and providing a lower bound, the response surface equations for combination 1
actually decrease the feasible space. The solution of the response surface is infeasible,
which means combination 1 would never be investigated and the optimal solution would
therefore be missed. Thisillustrates why the using lower bounding equations to represent
the continuous design space, instead of just traditional response surfaces, provides amore
robust optimization method. Detailed results for all the optimization cases used for this

proof-of-concept analysis can be found in Appendix A.
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CHAPTER 7

FINAL APPLICATION

7.1 Problem Description

The proof-of-concept problem in the previous chapter shows the promise of the
lower bounding optimization method developed for this research. However, since
SCORES is a fast running code, an engine designed using SCORES could easily be
optimized without the new method by finding the optimal solution of the continuous
design space for all the discrete variable combinations. The main objective of this
research is to apply the method to a higher fidelity, and therefore slower running code.
PHATCAT isthe code that is used for this final application. Optimizing engine designs
using the new version of PHATCAT will show the full potential of the lower bounding
method. The longer the code supplying the engine performance results takes to run, the
more time will be saved by switching to the new optimization scheme. Also, as the
number of discrete variable choices increases, the more computation time will be saved

by using the new method versus solving the NLP for each discrete variable setting.

The modifications to PHATCAT detailed in Chapter 3 alow its use in this final

test of the new optimization method. The new version of PHATCAT is robust enough
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that a nonlinear optimizer can be used to solve for the optimum of its continuous space.
Also, twenty-two different engine cycles are now available as input choices. These help
provide enough discrete variable choices to adequately test the new method. These new
engine cycles are formed from four basic cycle designs. The four main cycles are a fuel-
rich dual-preburner staged-combustion cycle based off the SSME, a fuel-rich gas
generator cycle based off the Vulcain, an oxidizer-rich single-preburner staged-
combustion cycle based off the RD-180, and a split-expander cycle similar to the RLX.
Variations of these basic cycles are also included as inputs and these combine to form the
twenty-two cycles available in PHATCAT. The variations made to the cycles include
changing the fuel type and changing the number of fuel boost pumps, turbines, and pre-
burners/gas generators. These changes dter the engine performance by possibly
changing the engines |y, thrust level, available chamber pressure, weight, cost, or more

likely, a combination of al these effects.

The twenty-two engine cycles now available in PHATCAT are listed in Table 61.
Each of these cycles represents a discrete variable choice for the optimization method.
However, to further demonstrate the abilities of the new lower bounding method, more
discrete variable choices are desired. Therefore, the choice of turbine blade material was
included as another discrete variable. The turbine blade material affects the performance
of the engine by limiting the allowable turbine inlet temperatures. At higher turbine inlet
temperatures, less turbine working fluid mass flow is needed to produce the same amount
of turbine work. Also, the turbine blade material choice was used to adjust the

development and production costs of the engines. Engines using the higher temperature
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turbine blade materials incurred a cost penalty, while engines using lower temperature

materials recelved a slight cost credit.

Table 61: Engine CyclesIncluded in PHATCAT

, # of # of
Cycle Name Bg?eclllge ? uele B%i? Etjjrerl] Main Preburners/
P P Turbines  GGs

SSME
SSME_1PB_1T
Vulcain_LH2
Vulcain_RP1
Vulcain_ CH4
Vulcain_ C3H8
Vulcain LH2 1T
Vulcain RPL 1T
Vulcain CH4 1T CH4 Yes
Vulcain_C3H8 1T C3H8 Yes

SC LH2 Yes
SC
GG
GG
GG
GG
GG
GG
GG
GG
Vulcain_LH2_NBP GG LH2 No
GG
GG
GG
GG
GG
GG
GG
SC
SC
SC
EX

LH2 Yes
LH2 Yes
RP-1 Yes
CH4 Yes
C3H8 Yes
LH2 Yes
RP-1 Yes

Vulcain_RP1_NBP RP-1 No
Vulcain_CH4 NBP CH4 No
Vulcain_C3H8 NBP C3H8 No
Vulcain_LH2_1T_NBP LH2 No
Vulcain_RP1 1T _NBP RP-1 No
Vulcain_CH4 1T _NBP CH4 No
Vulcain_C3H8 1T _NBP C3H8 No
RD180 RP1 RP-1 Yes
RD180 CH4 CH4 Yes
RD180_C3H8 C3H8 Yes
RLX LH2 Yes

NRPRRRPRPRPREPENNNNRPRPRPEPNNNNEN
ORRPRRRPRRPRPRRPRRPRRPRPRRPRRREPREPRERREPREPREPRERREN

Reference 85 gives allowable turbine inlet temperatures as a function of the
turbine blade mean pitchline velocity for various turbine blade materials. Since the
current version of PHATCAT does not calculate turbine rotational speed, a single value

for the maximum allowable turbine inlet temperature was chosen for each of the five
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turbine blade materias included as discrete variable choices. The five materials used and

thelr associated maximum turbine inlet temperatures are shown in Table 62.

Table 62: Turbine Blade M aterials

Turbine Blade Material Maxi mum Allowable Turbine Inlet

Temperature (R)
Inconel 718 1870
Waspaloy 1976
Astroloy 2068
Inconel 713LC 2250
IN-100 2358

These five turbine blade material choices, aong with the twenty-two different
engine cycles, provide 110 discrete variable combinations for the final application. These
are combined with four continuous input variables to form the mixed-integer input set.
The four continuous variables used are vacuum thrust, oxidizer to fuel mixture ratio,
nozzle expansion ratio and chamber pressure. Bounds are placed on each of these input
variables to stop the optimization routine from evaluating an engine cycle at input
variable settings outside of the range which guarantees the powerhead will balance. The

continuous input variable bounds for each engine cycle are listed in Appendix B.

Lower bounding equations must be formed for the continuous design space of
each of the 110 discrete variable inputs. The number of PHATCAT function cals
required to form each lower bound space is 41. These calls include the points used to
populate the central composite design and those used to get the output values at the %

points. The total number of function calls required to get all the lower bounding
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equations is 4510. It takesjust over 12 hrsto run all of these design points using a Dell
Dimension 8200 PC with a 2.25 GHz, Pentium 4 processor and 512 MB of RAM. While
this represents a significant amount of processing time, all of these runs are done before
the engine design process and stored in a database file. As long as the database file
remains intact, these cases do not have to be re-run and each time an engine design is

optimized, the appropriate lower bounding data can be quickly accessed.

Like the proof-of-concept problems, this final application was solved using
Model Center. The same lower bounding C-code used in the proof-of-concept was atered
to allow its use with PHATCAT instead of SCORES. The nonlinear optimizers in
ModelCenter were again used to solve for the a terms, the optimum of the lower
bounding space, and the optimum of the true continuous variable space. The method of
feasible directions was used to find the a terms and optimize the lower bounding
eguations, while sequential linear programming was used to optimize the true continuous
design space. In order to optimize the true space, PHATCAT has to be evaluated many
times. Depending on the engine cycle being analyzed, each run can take up to one
minute to finish. Therefore, it is desirable to use the nonlinear optimization method that
requires the least number of PHATCAT evauations to find the optimum of the true
continuous design space.  Typicaly, sequential quadratic programming is the
optimization method that performs best when the optimization function (in this case
PHATCAT) doesn't run very quickly. However, the SQP implementation in
Model Center does not behave as expected. Many times it was found that SQP would not

be able to find a feasible solution, when MoFD and SLP could. SLP was usually able to
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find the optimal solution with fewer PHATCAT function calls, compared to MoFD, and
that is why it was the optimization method used to find the optimal continuous variable

settings for the true design space.

7.2 Final Test Cases

Six different rocket engine optimization problems were investigated using both
the new lower bounding method and the baseline method, which solves the continuous
NLP optimization problem for all 110 discrete variable combinations. For five of the six
cases, the objective of the optimization routine was to maximize the vacuum specific
impulse of the engine (minimize the negative is |s,). The objective of the final case was
to minimize the engine’s design, development, testing and evaluation cost (DDTE). The
number of constraints on the designs range from zero to four and include equality

constraints. Table 63 shows the details of the six cases solved.

Table 63: Six Optimization Problems Solved

Case Objective Constraint 1 Constraint 2 Constraint 3  Constraint 4
1 MaxISpu N/A N/A N/A N/A
2 Max Ispy.e Tl 3 395000 bs Tdl £ 4500000 bs N/A N/A
3 Max Ispye Tl 3 395000 bs Td £4500000bs T, /W3 75 N/A
4  Maxlsp, T3 395000bs  Tdl £4500000bs T,../W?3 75 DDTEE $695M
5 Max Ispe  Tol 3 395000bs  Tsl £4500000bs T, /W3 75 DDTE £ $665M
6 MinDDTE  Tsl =400000bs Ispy 3 350sec T, /W3 60 N/A
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For each discrete variable combination, there is an additional constraint on the
maximum allowable turbine inlet temperature, which depends on the current selection for
the turbine blade material. The maximum turbine inlet temperature is one of the outputs
of PHATCAT for which aresponse surface and lower bounding equation isformed. This
allows the lower bounding problem to determine if any continuous variable settings will
provide an engine design with turbine inlet temperatures that do not exceed the allowable
limit. It is possible that some engine cycles will be infeasible, even for Case 1, because
low enough turbine temperatures could not be achieved. Thisis particularly true for the
low-temperature turbine blade materials. However, it is not known beforehand which
cycle/turbine blade material combinations will be infeasible.  Therefore, al 110

combinations need to be investigated.

The constraint settings in Cases 1 — 5 were chosen to show the progression in the
optimal engine design choice as the optimization problem becomes more constrained.
This is meant to mimic the addition of more requirements on the engine design as the
overall vehicle solution becomes more defined. The optimization problem, presented in
Case 6, is meant to simulate the situation where a replacement engine is being sought for
an existing application. Here, many of the design requirements are fixed and the

propulsion engineer is charged with finding the cheapest solution to the problem.

The goal of the new optimization method is to be able to find the same optimal

solution, obtained by optimizing the continuous space of all the discrete variable

combinations, but in a much more time efficient manner. To test this goal, a baseline
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optimization time must be established by exhaustively optimizing al 110 true continuous
subspaces for each case listed in Table 63. Then, the time required to find the optimum
using the new lower bounding procedure is found. This time includes that needed to
solve the lower bounding equations for every discrete variable combination, and the time
required to find the optimum of the true continuous space for those discrete variable
combinations providing the best lower bounds. The total time for the new method does
not include the 12 hrs needed for preprocessing, since these calculations were completed

before the optimization process began.

The first test of the new optimization method will be to see if it can get the same
solution found by optimizing the continuous design space for each discrete variable
combination. Table 64 shows the comparison of the optimal discrete variable
combination found using both methods. This combination consists of the cycle choice
and the turbine blade material. For all six cases, both methods chose the same optimal

discrete variable combination.

Table 64: Optimal Discrete Variable Settings
Optimal Discrete Variable Setting Optimal Discrete Variable Setting

Case (Baseline Method) (New Method)
1 RLX / Inconel 718 RLX / Inconel 718
2 SSME / Inconel 713LC SSME / Inconel 713LC
3 SSME _1PB 1T /Inconel 713LC SSME_1PB 1T /Inconel 713LC
4 RD180 CH4/ Inconel 718 RD180_CH4/ Inconel 718
5 RD180_RP1/ Inconel 718 RD180_RP1/ Inconel 718
6 Vulcain LH2 1T NBP/Waspaloy Vulcain LH2 1T NBP/Waspaoy
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For the same discrete variable combination, both methods will find the same
optimal continuous variable settings. This is because, once a discrete variable setting is
chosen for further investigation using the new method, the true continuous design space
is solved in order to find the continuous variable settings. This is the same true
continuous design space that is solved using the baseline method. Since the same
nonlinear optimization method, (SLP) is used to solve for the optimum of the true design
space in both methods, the same continuous variable settings are found. The continuous
input variable settings of the optimal solution found for each of the six optimization cases
arelisted in Table 65. Also shown in the table are the values of the output variables that

represent constraints for some of the optimization cases.

Table 65: Objective, Constraint, and Continuous Input Vales at Optimum
Ob. (Cont. Input Variable Settings)  (Constraint Values at Optimum)

Case  Func.  Twe P. T4 DDTE Iy

vae Kby 0T  (psa) by "W M)  (s0)
1 4720sec 4250 475 125 1750 2762 929 5772 307.3
> 4640sec 5985 575 125 3500 4496 702 9308 3486
3 46l7sec 5988 575 125 2850 4498 766 8911 3468
4 3716sec 5799 354 125 4500 4310 757 6950 276.2
5 3552sec 5466 309 125 4500 3978 832 6650 2585
6 $7295M 4179 510 15 1559 400 678 7295 38L5

The first optimization problem is an unconstrained problem. The optimal engine
cycle chosen by both methods is the RLX split-expander engine. The chamber pressure,
expansion ratio, and vacuum thrust are set to their upper bound values, while the mixture
ratio is set to its lower bound at the optimum. This split-expander cycle has alow turbine

inlet temperature, so all five turbine blade material choices provide the same maximum
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| value. The discrete variable combination using the lowest temperature turbine blade
material is listed as the solution because it has the least development costs. However, for

this problem, al five blade materials provide an equally optimal solution.

The second case adds an upper and lower bound constraint on sea-level thrust.
For this case, the RLX engine cycle provides an infeasible design, because it is not able
to meet the lower bound constraint. The optimal discrete variable combination found is
the SSME with Inconel 713LC. The SSME engine and two different turbine blade
material combinations provide equaly good solutions for this case and the lowest
temperature materia is listed as the solution for the same reasons described above. The
chamber pressure and expansion ratio are set to their upper bounds, while the mixture
ratio is again set to its lower bound. The vacuum thrust level was adjusted in order to

meet the sea-level thrust upper bound constraint.

The addition of the vacuum T/W lower bound constraint in Case 3 eliminates the
SSME cycle as an option. Therefore, the optimal discrete variable combination is the
modified SSME cycle. This cycle only has one preburner and one main turbine.
Therefore, this engine is given a weight reduction factor and it is consequently able to
provide a feasible solution for Case 3. The expansion ratio and chamber pressure are
again set to their upper bounds and the mixture ratio is at its lower bound. The vacuum
thrust is once again set to meet the upper bound sea-level thrust constraint. Also, the two
highest temperature turbine blade materials provide the same optimal solution and the

lower temperature material, Inconel 713LC, islisted as the best blade material choice.
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Case 4 adds an upper bound constraint on the alowable engine development cost,
while maintaining the previous sea-level thrust and T/W constraints. The optimal
discrete variable combination for this case is the CH4 version of the RD-180 using
turbine blades made of Inconel 718. A development cost reduction is applied to engine
designs using the lower temperature turbine blade materias, but a development cost
increase is applied to engines using CH4 and C3H8 as their fuel choice. The increase in
development cost, associated with fuel type, is included to reflect the limited experience
in using these fuels in operational engines. The CH4 version of the RD-180 provides
higher g, values when compared to the RP-1 version and the cost decrease associated
with the low temperature turbine blade material off sets the increase associated with

using CH4 and allows the engine to meet the new devel opment cost constraints.

The fifth case is similar to Case 4, except that the alowable development cost has
been lowered by $30M. The optimal discrete variable combination for this case is the
baseline RD-180 cycle and Inconel 718. The cost constraint is too low for the CH4
version of the RD-180 to provide a feasible design. The baseline version of the RD-180
does not incur the development cost increase, since RP-1 is the fuel of this cycle. The
lowest temperature turbine blade material must be used to meet the cost requirement,
even though there is a performance decrease associated with the lower turbine inlet

temperatures.

Cases 1 — 5 show the progression of the optimal value of the objective function as

more constraints are added to the optimization problem. The optimal value of I, that is
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found by the optimization methods decreases as the problems become more constrained.
This is because the optimization method is forced to choose lower performing engines to

meet the increasingly stringent design constraints.

The final case has a different objective function than Cases 1 — 5. The objective
of Case 6 is to minimize the development costs of an engine design subject to sea-level
thrust, sea-level |y, and vacuum thrust to weight constraints. The sea-level thrust
constraint is actually an equality constraint. This was modeled in the optimization
methods by including two separate constraints, one requiring Ty to be greater than or
equal to 400 klbs and the other requiring it to be less than or equal to 400 klbs. The
optimal discrete variable combination for this caseis an LH2 version of the Vulcain with
no fuel boost pump and only one main turbine. This variation of the Vulcain was given a
development cost decrease when compared to the dual turbine, boost pump version.
However, there is also an associated decrease in the engine’s performance. Even with the
performance decrease, this engine is able to meet the constraints on performance imposed

in the optimization problem.

Included in Appendix C, for each optimization case, are the values of the
objective function obtained by optimizing the lower bounding space and true continuous
space for each discrete variable combination. The discrete variable combinations whose
true space had to be optimized to solve the problem using the new optimization method
are highlighted in blue and bordered by dotted lines. The optimal discrete combination

for each problem is noted by a solid border.
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The final test of the new optimization method is to compare the solution times
required for the new and baseline method. This comparison is given in Table 66. The
times listed in the table are those required to solve the problem using a Dell Dimension
8200 PC with a 2.25 GHz, Pentium 4 processor and 512 MB of RAM. The time given
for the baseline method is the time it takes to solve the true continuous design space for
all 110 discrete variable combinations. The time required for the new solution method is
sum of two separate values. Thefirst is the time required to solve for the optimum of the
lower bounding space for every discrete variable combination. The second value is the
time it takes to solve the true continuous space of the discrete variable combinations
identified by the new method as possible candidates for the optimal discrete setting.
Table 66 aso shows the percentage of the original baseline time required by the new

method to solve the optimization problem.

Table 66: Comparison of Solution Times
#of NLPs # of NLPs Solution

% of . Solution % of
Case Dlvedfor  Solvedfor g e TMe o (New  Basdine

Baseline  New NLps  (BasEline  yihod)  Time

Method Method Method)
1 110 5 455%  2056hrs  1.06hrs  5.15%
2 110 6 545%  3432hrs  149hrs  4.33%
3 110 3 273%  5060hrs 113hrs  2.23%
4 110 1 091%  8814hrs 116hrs  1.32%
5 110 1 001%  9866hrs 104hrs  1.05%
6 110 1 091%  3136hrs  129hrs  4.11%

The new method is able to solve each of the optimization problems in
significantly less time than that required by the baseline solution procedure.

Optimization times are reduced from one to four days to less than two hours. This
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reduction in time does not sacrifice accuracy, since both methods find the same optimal
solution. The times for the new optimization method shown in Table 66 do not include
the 12 hrs of preprocessing needed to generate the data used to form the lower bounding
procedure. This time was not included because the preprocessing is only done once and
it is completed before the optimization process begins. However, if the 12 hrs are
included in the time required to solve all six cases using the new method, a time savings

of over 94% is still realized.
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CHAPTER 8

CONCLUSIONSAND RECOMMENDATIONS

8.1 Conclusions

Three specific goals for this research were identified in Chapter 1. The first goal
was to establish a baseline solution method and determine the applicability of existing
optimization techniques. The second goal was to develop a new optimization method
that could solve the mixed-input rocket engine optimization problem without requiring
the relaxation of the discrete variables. The third goal required that this new method be
able to optimize the problem of interest in a time frame appropriate for a conceptual

design environment. The following paragraphs will illustrate how each of these goals

was met.

The original contribution of this research was the development of a new
optimization method that can solve mixed-input nonlinear optimization problems. This
new optimization method allows the determination of the optimal liquid rocket engine

design using a powerhead anaysis code. This method is able to optimize problems
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having mixed-inputs but does not require the relaxation of the discrete input variables.

The steps involved in the optimization method are outlined below.

1. Evaluate the engine design code at all points necessary to form the central
composite design of experiments and at those points needed to determine the

lower bounding equations of the continuous space. This requires that the engine

design code be run ( " +(2n +2n +1))* y times, where n is the number of

continuous input variables and y is the number of discrete variable combinations.
2. Form response surface equations of the continuous space ( F(Y)), which predict

al the relevant outputs of the engine design code using the data from the centra

composite design of experiments.
3. Usethe RSE's to make lower bounding equations ( L(Y)) that expand the feasible

continuous design space. These equations are formed by adding two terms to the

original response surface equations. The first shifts F(Y) down, so that at all the

corner points, the value predicted by f(X)- d is less than or equal to the true
value ( f(x)). The second term transforms this shifted RSE into alower bound by

applying a convex underestimation term. The lower bounding equation is

repeated here for convenience (Equation 37).

n n n-1 n n
L(X): b, +é b X +é. b, x? +é. é. by X X; +éai(_ 1- Xi)(l' Xi)' d (37)
i=1

i=1 i=1 i1 j=i+l
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4. For every discrete variable combination, solve the lower bounding equations to
determine a lower bound of the optima solution for that combination’s
continuous space.

5. Optimize the true continuous space of the discrete variable combination providing
the best lower bound. This value provides an upper bound on the solution.

6. Evauate the next best lower bound that is less than the current upper bound. If
there are no lower bounds less than the current upper bound, the algorithm
terminates and the current upper bound is the optimum. Steps five and six are
repeated until the solution is found. Typically a maximum of 3 — 4 iterations are

required before the optimal solution is found.

This new optimization method does not require that the discrete variables be
relaxed, since alower bounding space is formed for every discrete variable combination.
This alowsiit to be used on engineering codes which can not be executed at non-discrete
settings for some of their input values. The flow chart, first shown in Chapter 5, which

outlines the solution process developed for this research, is presented again in Figure 38.

The new optimization procedure successfully integrates techniques from many
different optimization fields. The basic strategy of using a set of non-increasing upper
bounds and non-decreasing lower bounds to solve a mixed-input optimization problem is
common to mixed-integer nonlinear programming methods. Loca numerical
optimization methods are used to find the optimum of the true continuous space and the

lower bounding space for each discrete variable combination. Using design of
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experiments to form response surface equations is an approximation technique typically
employed when trying to optimize time consuming analyses. Finaly, the convex
underestimator used to form the lower bounds was originally developed for use in the

field of global optimization.

Find lower bound (LB) of the
expanded continuous space
for each discrete variable
combination. Set current
upper bound (UB) to¥ .

l Solve the NLP of the true

Does afeasible discrete yes continuous space resulting
variable combination |—| fromfixingthediscrete |—»
havealB <UB? variablesto the values
giving the lowest LB.

Is solution of NLP feasible
and less than current UB?

yes

Eliminate current

discrete variable
combination from  |[¢— Set current UB equal to

End: : - NLP solution.
Current UB is further consideration.

optimal solution.
If UB =¥, no
feasible solution.

Figure 38: Flowchart for New Optimization Procedure (Repeated)

The accuracy of the new optimization procedure was tested by comparing it to a
baseline method also implemented for this research. The baseline method’'s solution
strategy was to ssimply solve for the optimum of the true continuous design space for all
the discrete variable combinations and then chose the best optimum as the final solution.
This method was easily implemented, since the optimum of the continuous design space
can be found using one of the many available constrained nonlinear optimization

techniques. Six different optimization problems were solved by both the baseline method

152



and the new method. The objective of five of the six problems was to maximize the
specific impulse of the engine, while the objective for the sixth problem was to minimize
the engine’'s development cost. The number of constraints for each of these problems
varied from zero to four and included equality constraints. For all six cases, the optimal
solution found by the new method agreed with the solution found using the baseline

method.

The solution time required to solve the engine optimization problems using the
baseline optimization method varied between one and four days for each of the six cases
tested. This makes this method impractical for use in a conceptual design environment.
The new optimization method, which was developed for use in such an environment,
only takes between 1 to 1 % hours to optimize each of the six cases. Compared to the
baseline optimization method, this represents an average time savings of 97% for each

design case.

8.2 Comments and Recommendations

This new optimization method is flexible enough that it can be applied to other
optimization problems not involving liquid rocket engine design. The method will work
best, compared to other methods, on problems where the optimization values are supplied

by an analysis with the following features.
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= Mixed-Integer inputs where the discrete variables can not be relaxed
= A continuous variable design space that is smooth and free of discontinuities
= Objective and constraint values supplied by an analysis that is expensive (time

consuming) to run

The new method makes no assumptions on the behavior of the discrete design
gpace. Therefore, discrete design spaces that are highly nonlinear or even multi-modal
pose no problem. Also, the new method is able to optimize problems where the
continuous variables can be relaxed, however other methods that can take advantage of
the relaxation might prove more efficient. The method is also able to optimize problems
using fast running analyses, although the true potential of the new method is seen when
used in conjunction with a more time consuming code. For this research it was assumed
that the optimum of the true continuous design space could be found using sequential
linear programming. However, if the continuous design space was not well-behaved, the
local optimization technique (SLP) used to find the optimal solutions of the true
continuous design spaces may fail. The new method could be adjusted to handle poorly
behaved continuous spaces by using globa optimization methods instead of local
optimization methods and by using a different meta-model type as the basis for the lower

bounding equations.

The response surface equations of the continuous spaces will most likely not

provide a completely accurate representation of the true continuous spaces being

modeled. Therefore, using just the original response surface equations to determine
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which discrete variable combinations to investigate further, could lead to the algorithm
terminating at a sub-optimal solution. There are severa potential ways in which the
RSE’s could be adjusted in order to make it more likely that the true optimal solution will
be found. For this research the RSE’s were turned into lower bounding equations using
underestimation techniques. The ability to determine both upper and lower bounds of the
optimum for each discrete variable combination is valuable because there is a body of
knowledge regarding decomposition methods which make use of these bounds. Other
possible ways to adjust the RSE’ s do not fit into this body of knowledge and are therefore

not as valuable.

The test problems solved in the final application included 110 distinct discrete
variable combinations. However, this does not represent the upper limit that can be
handled by the new procedure. This number could easily be expanded without having an
adverse effect on the algorithm’ s performance. In fact, as the number of discrete variable
combinations is increased the new method should further outperform the baseline method
because a larger percentage of the discrete variable combinations can be eliminated from
further consideration as a result of their lowering bounding values. As the number of
discrete variable combinations increase the amount of preprocessing time also increases.
However, this increase is linear and therefore problems involving a large number of
discrete variable combinations (possibly several hundred) may <till be efficiently solved

by the new method.
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There were four continuous input variables for the final application of the new
optimization method. This number could be expanded as needed to meet the input
requirements of the analysis being optimized. However, the growth in the number of
continuous variables has the potentia to significantly increase the amount of
preprocessing time required to form the lower bounding equations. This upfront
investment of computational time must be manageable and this will most likely limit this

new method to applications with a maximum of about ten continuous input variables.

This method could also have an application in the preliminary phase of design,
where higher fidelity codes are typically used. The longer it takes the analysis code to
execute, the fewer number of times it can be called during the optimization procedure, if
a solution is desired in a timely fashion. If one is forced to use the baseline method to
optimize the mixed-inputs of a high fidelity code, the optimization process might have to
be avoided. However, the new optimization scheme only requires the solution of the true
design space for a limited number of discrete variable combinations and this has the
potential to greatly reduce the optimization time for a high fidelity code. The
preprocessing time required to form the lower bounding equations will increase as the
analysis code execution time increases, but this preprocessing only needs to be done once

and can be completed off-line before the optimization process begins.

The new optimization method developed for this research was used to find the

optimal liquid rocket engine design subject to various constraints. This provides an

optimal solution but no measure of the sensitivity or robustness of the final answer.
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Knowledge of these characteristics is desirable because many uncertainties exist in the
early phases of design. One way to determine a more robust engine design is to use a
Monte Carlo analysis, which evauates the engine code several thousand times at
different input settings that are determined by distributions on the input variables. This
allows for confidence levels to be established for the final solution. Since the Monte
Carlo analysis requires that the engine design code be run many times, this type of robust
design is most likely limited to a faster running engine code such as SCORES. The new
optimization method could be used in conjunction with a Monte Carlo analysisto find an
optimal engine design, using SCORES, that meets a desired confidence level. If a more
detailed engine design code, such as PHATCAT is used, a Monte Carlo analysis will not
be practical. However, even with these slower running codes, sensitivities of the final
solution with respect to the various input variables could be determined. These
sensitivities can then be used to decide which aspects of the rocket engine warrant further

attention as the design matures.

There exists the possibility of improving the efficiency of the new optimization
method by changing the meta-modeling technique that is used as the basis for the lower
bounding equations. The current response surface equations could be replaced by a
different model, which might allow the lower bounds to more accurately represent the
true design space. One alternate meta-modeling technique that might be explored is the
use of neural networks [115,116]. Neural networks could offer an advantage since the

mathematical form of the meta-model (i.e. choosing a 2" order RSE) does not have to be
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specified beforehand. Possible drawbacks of using a neural network include the amount

of information about the design space that is needed to sufficiently train the network.

The potential also exists to improve the efficiency and robustness of the new
optimization method by monitoring the values produced while optimizing the true
continuous design spaces and then comparing these values to the lower bound values at
those points. This has two benefits. Firgt, if a point in the design space is found where
the lower bounding equations do not produce a true lower bound, the equations can be
adjusted to provide the proper bounds at this design point. This would help make the
method more robust. Conversely, if it is found that the lower bounding equations are
severely underestimating the design space, they can be adjusted to more closely represent
the true space. This adjustment will help increase the efficiency of the method. Over
time, for a specific analysis, these two techniques could be used to refine the lower

bounding equations and increase the method’ s overall performance.
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APPENDIX A

PROOF —OF —CONCEPT CASE RESULTS

Table 67: Resultsfor Proof-of-Concept - Case 1

Combination L(x) for Ideal I, (sec) f (x) for Ideal Ig, (sec)
1 479.0166 476.3058
2 380.0762 379.2494
3 363.7709 363.0051
4 355.9897 355.1814
5 353.3577 352.5439
6 356.3197 355.5087
7 352.3348 351.5297
8 369.5238 368.0115
9 368.8630 367.1405
10 372.5755 371.2316
11 373.9608 372.6618
12 373.8997 372.6352
13 372.3244 371.0496

Table 68: Resultsfor Proof-of-Concept - Case 2

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 infeasible infeasible
2 353.5836 351.8992
3 355.8054 354.0851
4 327.0032 325.0494
5 353.2061 352.1000
6 356.3152 355.1791
7 352.3348 351.4132
8 368.0744 368.0260
9 368.8487 367.1549
10 370.7559 370.5969
11 373.9608 372.6496
12 373.8997 372.6352
13 372.3244 371.0496
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Table 69: Resultsfor Proof-of-Concept - Case 3

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 infeasible infeasible
2 infeasible infeasible
3 infeasible infeasible
4 infeasible infeasible
5 337.0844 335.0312
6 347.5704 345.7721
7 351.5737 350.8995
8 infeasible infeasible
9 infeasible infeasible
10 infeasible infeasible
11 373.5289 372.0338
12 373.8353 371.9839
13 372.3223 370.3816

Table 70: Resultsfor Proof-of-Concept - Case 4

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 infeasible infeasible
2 infeasible infeasible
3 323.5633 322.0904
4 infeasible infeasible
5 339.1115 337.4974
6 345.8222 343.3574
7 345.4972 342.5479
8 infeasible infeasible
9 360.5188 358.3632
10 infeasible infeasible
11 371.3709 365.5147
12 371.1657 366.6566
13 370.1574 366.7363
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Table 71: Resultsfor Proof-of-Concept - Case 5

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 464.1924 462.4594
2 363.6720 362.6143
3 348.2165 347.2133
4 340.6895 339.6517
5 337.2956 337.0605
6 340.1170 339.8688
7 336.3533 336.2290
8 356.3242 350.0854
9 357.9620 355.6865
10 360.7904 357.7760
11 365.2410 358.6827
12 363.3465 358.8387
13 362.3694 357.3051

Table 72: Resultsfor Proof-of-Concept - Case 6

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 464.4992 462.6082
2 363.3671 362.7511
3 347.9542 347.3428
4 340.3828 339.7855
5 337.8098 337.1908
6 340.6285 340.0003
7 336.9488 336.3676
8 356.6278 350.4507
9 358.3828 355.7970
10 360.8482 357.8891
11 365.0047 358.7840
12 363.1426 358.9493
13 362.1946 357.4098
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Table 73: Resultsfor Proof-of-Concept - Case 7

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 470.1176 466.6425
2 369.3971 367.6127
3 353.6824 351.9483
4 346.0350 344.2982
5 343.2854 341.6823
6 346.1744 344.5318
7 342.3242 340.8128
8 360.9450 358.4752
9 362.8528 359.5017
10 365.1701 361.8100
11 368.4710 362.8184
12 367.0542 362.9297
13 365.9269 361.4098

Table 74: Resultsfor Proof-of-Concept - Case 8

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 infeasible infeasible
2 infeasible infeasible
3 326.9773 325.2923
4 infeasible infeasible
5 342.1558 340.6288
6 347.8846 345.1155
7 346.5635 344.1238
8 infeasible infeasible
9 362.5682 359.8209
10 infeasible infeasible
11 372.4407 366.8554
12 372.0730 367.8708
13 370.7460 367.7762
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Table 75: Resultsfor Proof-of-Concept - Case 9

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 infeasible infeasible
2 infeasible infeasible
3 340.4908 335.6902
4 infeasible infeasible
5 349.7881 347.4321
6 354.2168 351.7300
7 352.1923 350.2133
8 infeasible infeasible
9 367.6816 363.2751
10 infeasible infeasible
11 373.9597 372.0077
12 373.8753 372.5209
13 372.3201 370.9242

Table 76: Resultsfor Proof-of-Concept - Case 10

Combination L(x) for Ideal I, (sec) f(x) for Ideal I, (sec)
1 464.3736 459.9229
2 363.1333 361.6224
3 347.7168 346.3031
4 340.2295 338.7311
5 337.5242 336.1536
6 340.3359 338.9547
7 336.5650 335.3158
8 356.4762 346.1678
9 356.7792 354.9096
10 360.2676 356.9867
11 363.8689 357.8790
12 362.0663 358.0523
13 360.9506 356.5423
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APPENDIX B

FINAL APPLICATION VARIABLE BOUNDS

Table 77: Continuous Input Variable Bounds (SSME)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (Ibs) 200000 750000
Expansion Ratio 15 125
Mixture Ratio 5.75 6.8

Chamber Pressure (psia) 1500 3500

Table 78: Continuous Input Variable Bounds (SSME_1PB_1T)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (Ibs) 275000 750000
Expansion Ratio 15 125
Mixture Ratio 5.75 6.8

Chamber Pressure (psia) 1500 2850

Table 79: Continuous Input Variable Bounds (Vulcain_LH?2)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 5 7

Chamber Pressure (psia) 500 3500
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Table 80: Continuous Input Variable Bounds (Vulcain_RP1)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 5

Chamber Pressure (psia) 500 2000

Table 81: Continuous Input Variable Bounds (Vulcain_CH4)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 82: Continuous Input Variable Bounds (Vulcain_C3H8)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 83: Continuous Input Variable Bounds (Vulcain_LH2 1T)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 5 7

Chamber Pressure (psia) 500 3500
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Table 84: Continuous Input Variable Bounds (Vulcain_RP1 1T)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 5

Chamber Pressure (psia) 500 2000

Table 85: Continuous Input Variable Bounds (Vulcain_CH4 1T)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 86: Continuous Input Variable Bounds (Vulcain_C3H8 1T)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 87: Continuous Input Variable Bounds (Vulcain_LH2 _NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 5 7

Chamber Pressure (psia) 500 2500
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Table 88: Continuous Input Variable Bounds (Vulcain_RP1_NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 5

Chamber Pressure (psia) 500 2000

Table 89: Continuous Input Variable Bounds (Vulcain_CH4 NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 90: Continuous Input Variable Bounds (Vulcain_C3H8 NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 91: Continuous Input Variable Bounds (Vulcain_LH2 1T NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 5 7

Chamber Pressure (psia) 500 2500
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Table 92: Continuous Input Variable Bounds (Vulcain_RP1_1T NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 5

Chamber Pressure (psia) 500 2000

Table 93: Continuous Input Variable Bounds (Vulcain_CH4 1T _NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 94: Continuous Input Variable Bounds (Vulcain_C3H8 1T _NBP)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 80000 750000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 500 2000

Table 95: Continuous Input Variable Bounds (RD180 RP1)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 300000 1250000
Expansion Ratio 15 125
Mixture Ratio 2 4

Chamber Pressure (psia) 2500 4500
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Table 96: Continuous Input Variable Bounds (RD180 _CH4)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 300000 1250000
Expansion Ratio 15 125
Mixture Ratio 3 5

Chamber Pressure (psia) 2500 4500

Table 97: Continuous Input Variable Bounds (RD180_C3H8)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (Ibs) 300000 1250000
Expansion Ratio 15 125
Mixture Ratio 3 S

Chamber Pressure (psia) 2500 4500

Table 98: Continuous Input Variable Bounds (RL X)

Continuous Input Variable Lower Bound Upper Bound
Vacuum Thrust (1bs) 220000 425000
Expansion Ratio 35 125
Mixture Ratio 4.75 6.5

Chamber Pressure (psia) 500 1750
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APPENDIX C

FINAL APPLICATION CASE RESULTS

Table 99: Resultsfor Final Application - Case 1

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)
1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 462.06 453.09
5 Vulcain_LH2 2250 462.06 453.85
6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 331.67 329.92
8 Vulcain_RP1 1976 331.67 329.92
9 Vulcain_RP1 2068 331.67 329.92
10 Vulcain_RP1 2250 331.67 329.92
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 360.49 354.91
15 Vulcain_CH4 2250 364.54 361.22
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 349.11 342.84
19 Vulcain_C3H8 2068 351.68 347.40
20 Vulcain_C3H8 2250 351.68 348.96
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain LH2_1T 1870 452.99 447.44
23 Vulcain LH2_1T 1976 452.99 447.44
24 Vulcain LH2_1T 2068 452.99 447.44
25 Vulcain LH2_1T 2250 452.99 447.44
26 Vulcain_RP1 1T 1485 infeasible infeasible
27 Vulcain RP1_1T 1870 328.29 326.32
28 Vulcain RP1_1T 1976 328.29 326.32
29 Vulcain RP1_1T 2068 328.29 326.32
30 Vulcain RP1_1T 2250 328.29 326.32
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 353.71 infeasible
34 Vulcain_CH4 1T 2068 359.12 353.12
35 Vulcain_CH4 1T 2250 360.47 357.21
36 Vulcain_C3H8 1T 1485 infeasible infeasible
37 Vulcain_C3H8_1T 1870 340.90 infeasible
38 Vulcain_C3H8_1T 1976 346.96 341.58
39 Vulcain_C3H8_1T 2068 347.30 344.66
40 Vulcain_C3H8_1T 2250 347.31 344.66
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Table 99: Resultsfor Final Application - Case 1 (Continued)

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)
411 SSME 1485 infeasible infeasible
42 SSME 1870 infeasible infeasible
43 SSME 1976 468.24 463.35
44 SSME 2068 468.30 464.58
45 SSME 2250 468.30 464.58
46 Vulcain_LH2 NBP 1485 infeasible infeasible
47 Vulcain_LH2 NBP 1870 infeasible infeasible
48 Vulcain_LH2_NBP 1976 454.90 449.77
49 Vulcain_LH2_NBP 2068 454.90 449.77
50 Vulcain_LH2_NBP 2250 454.90 449.77
51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 328.60 326.85
53 Vulcain_RP1_NBP 1976 328.60 326.85
54 Vulcain_RP1_NBP 2068 328.60 326.85
55 Vulcain_RP1_NBP 2250 328.60 326.85
56 Vulcain_CH4_NBP 1485 infeasible infeasible
57 Vulcain_CH4_NBP 1870 infeasible infeasible
58 Vulcain_CH4 _NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 357.98 350.99
60 Vulcain_CH4_NBP 2250 361.79 358.59
61 Vulcain_C3H8_NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8 NBP 1976 346.55 337.65
64 Vulcain_C3H8 NBP 2068 348.89 344.65
65 Vulcain_C3H8 NBP 2250 348.89 346.15
66 Vulcain_LH2 1T NBP 1485 infeasible infeasible
67 Vulcain_LH2_1T_NBP 1870 448.26 442.18
68 Vulcain_ LH2 1T NBP 1976 448.26 442.18
69 Vulcain_ LH2 1T NBP 2068 448.26 442.18
70 Vulcain_ LH2 1T _NBP 2250 448.26 442.18
71 Vulcain_RP1 1T _NBP 1485 infeasible infeasible
72 Vulcain_RP1_1T_NBP 1870 324.61 322.94
73 Vulcain_RP1_1T_NBP 1976 324.61 322.94
74 Vulcain_RP1_1T_NBP 2068 324.61 322.94
75 Vulcain_RP1_1T_NBP 2250 324.61 322.94
76 Vulcain_CH4 _1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4_1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4_1T_NBP 1976 346.44 infeasible
79 Vulcain_CH4_1T_NBP 2068 356.09 350.57
80 Vulcain_CH4_1T_NBP 2250 357.63 354.46
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8 1T_NBP 1870 338.20 333.55
83 Vulcain_C3H8 1T_NBP 1976 344.09 338.69
84 Vulcain_C3H8 1T_NBP 2068 344.43 341.87
85 Vulcain_C3H8 1T _NBP 2250 344.45 341.87
86 SSME_1PB_1T 1485 infeasible infeasible
87 SSME_1PB_1T 1870 441,57 infeasible
88 SSME_1PB_1T 1976 466.01 462.22
89 SSME_1PB_1T 2068 466.01 462.50
90 SSME_1PB_1T 2250 466.01 462.50
91 RD180_RP1 1485 367.81 355.53
92 RD180_RP1 1870 369.23 362.83
93 RD180_RP1 1976 369.23 362.92
94 RD180_RP1 2068 369.23 362.92
95 RD180_RP1 2250 369.23 362.92
96 RD180_CH4 1485 377.05 372.22
97 RD180_CH4 1870 381.48 377.46
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Table 99: Resultsfor Final Application - Case 1 (Continued)

Discrete Maximum Allowable

) ) . Solution of Lower Solution of True
Cc\)/n?lgli ?gt?on Engine Cycle ngélrg(teulrri?R) Bounding Space Continuous Space
98 RD180_CH4 1976 381.48 377.46
99 RD180_CH4 2068 381.48 377.46
100 RD180_CH4 2250 381.48 377.46
101 RD180_C3H8 1485 367.14 362.92
102 RD180_C3H8 1870 370.35 367.47
103 RD180_C3H8 1976 370.35 367.47
104 RD180_C3H8 2068 370.35 367.47
105 RD180_C3H8 2250 370.35 367.47
106 RLX 1485 474.23 472.88
107 RLX 1870 474.23 472.88
108 RLX 1976 474.23 472.88
109 RLX 2068 474.23 472.88
110 RLX 2250 474.23 472.88
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Table 100: Resultsfor Final Application - Case 2

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)
1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 461.97 452.13
5 Vulcain_LH2 2250 461.97 453.20
6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 332.01 329.74
8 Vulcain_RP1 1976 332.01 329.74
9 Vulcain_RP1 2068 332.01 329.74
10 Vulcain_RP1 2250 332.01 329.74
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 360.52 354.59
15 Vulcain_CH4 2250 364.56 360.88
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 349.21 342.62
19 Vulcain_C3H8 2068 351.76 347.18
20 Vulcain_C3H8 2250 351.76 348.62
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain LH2_1T 1870 453.12 446.78
23 Vulcain LH2_1T 1976 453.12 446.80
24 Vulcain LH2_1T 2068 453.12 446.80
25 Vulcain LH2_1T 2250 453.12 446.80
26 Vulcain_ RP1 1T 1485 infeasible infeasible
27 Vulcain RP1_1T 1870 328.38 326.14
28 Vulcain RP1_1T 1976 328.38 326.14
29 Vulcain RP1_1T 2068 328.38 326.14
30 Vulcain RP1_1T 2250 328.38 326.14
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 352.30 infeasible
34 Vulcain_CH4 1T 2068 359.25 353.03
35 Vulcain_CH4 1T 2250 360.45 356.86
36 Vulcain_C3H8_1T 1485 infeasible infeasible
37 Vulcain_C3H8_1T 1870 338.27 infeasible
38 Vulcain_C3H8_1T 1976 347.00 341.09
39 Vulcain_C3H8_1T 2068 347.39 344.32
40 Vulcain_C3H8_1T 2250 347.39 344.32
41 SSME 1485 infeasible infeasible
2 SSME 1870 infeasible infeasible
43 | SSME 1976 468.18 462.41
a4 SSME 2068 468.19 464.03
45 SSME 2250 468.19 464.03
46 Vulcain_LH2_NBP 1485 infeasible infeasible
47 Vulcain_LH2 NBP 1870 infeasible infeasible
48 Vulcain_LH2 NBP 1976 454.83 449.26
49 Vulcain_LH2 NBP 2068 454.83 449.26
50 Vulcain_LH2 NBP 2250 454.84 449.26
51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 328.92 326.67
53 Vulcain_RP1_NBP 1976 328.92 326.67
54 Vulcain_RP1_NBP 2068 328.92 326.67
55 Vulcain_RP1_NBP 2250 328.92 326.67
56 Vulcain_CH4 _NBP 1485 infeasible infeasible
57 Vulcain_CH4 _NBP 1870 infeasible infeasible
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Table 100: Resultsfor Final Application - Case 2 (Continued)

Discrete Maximum Allowable

; ) ] Solution of Lower Solution of True
Cc\)/n?lgli ﬂglt?on Engine Cycle ngzlrg?ulrn;?R) Bounding Space Continuous Space
58 Vulcain_CH4_NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 357.99 352.38
60 Vulcain_CH4_NBP 2250 361.90 357.49
61 Vulcain_C3H8 _NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8 NBP 1976 346.67 340.46
64 Vulcain_C3H8 NBP 2068 348.85 344.47
65 Vulcain_C3H8 NBP 2250 348.88 345.84
66 Vulcain_LH2 1T NBP 1485 infeasible infeasible
67 Vulcain_LH2_1T_NBP 1870 448.21 441.67
68 Vulcain_ LH2 1T NBP 1976 448.21 441.68
69 Vulcain_ LH2 1T NBP 2068 448.21 441.68
70 Vulcain_LH2 1T NBP 2250 448.21 441.68
71 Vulcain_RP1 1T _NBP 1485 infeasible infeasible
72 Vulcain_RP1_1T_NBP 1870 324.94 322.73
73 Vulcain_RP1_1T_NBP 1976 324.94 322.73
74 Vulcain_RP1_1T_NBP 2068 324.94 322.73
75 Vulcain_RP1_1T_NBP 2250 324.94 322.73
76 Vulcain_CH4_1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4 _1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4_1T_NBP 1976 344.94 infeasible
79 Vulcain_CH4_1T_NBP 2068 356.19 349.97
80 Vulcain_CH4_1T_NBP 2250 357.62 354.12
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8 1T_NBP 1870 336.62 333.38
83 Vulcain_C3H8 1T_NBP 1976 344.13 338.27
84 Vulcain_C3H8_1T_NBP 2068 344.53 341.55
85 Vulcain_C3H8 1T _NBP 2250 344.53 341.55
86 SSME_1PB_1T 1485 infeasible infeasible
87 SSME_1PB_1T 1870 infeasible infeasible
88 SSME_1PB_1T 1976 466.00 461.16
89 SSME_1PB_1T 2068 466.00 461.68
90 SSME_1PB_1T 2250 466.00 461.68
91 RD180_RP1 1485 367.09 355.26
92 RD180_RP1 1870 368.52 362.61
93 RD180_RP1 1976 368.52 362.65
94 RD180_RP1 2068 368.52 362.24
95 RD180_RP1 2250 368.52 362.24
96 RD180_CH4 1485 376.35 371.66
97 RD180_CH4 1870 380.81 376.97
98 RD180_CH4 1976 380.81 376.97
99 RD180_CH4 2068 380.81 376.97
100 RD180_CH4 2250 380.81 376.97
101 RD180_C3H8 1485 366.48 362.53
102 RD180_C3H8 1870 369.95 367.26
103 RD180_C3H8 1976 369.95 367.26
104 RD180_C3H8 2068 369.95 367.26
105 RD180_C3H8 2250 369.95 367.26
106 RLX 1485 infeasible infeasible
107 RLX 1870 infeasible infeasible
108 RLX 1976 infeasible infeasible
109 RLX 2068 infeasible infeasible
110 RLX 2250 infeasible infeasible
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Table 101: Resultsfor Final Application - Case 3

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)
1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 infeasible infeasible
5 Vulcain_LH2 2250 infeasible infeasible
6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 332.07 329.74
8 Vulcain_RP1 1976 332.07 329.74
9 Vulcain_RP1 2068 332.07 329.74
10 Vulcain_RP1 2250 332.07 329.74
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 360.22 354.59
15 Vulcain_CH4 2250 364.69 360.88
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 348.76 342.62
19 Vulcain_C3H8 2068 351.79 347.18
20 Vulcain_C3H8 2250 351.80 348.61
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain_LH2 1T 1870 infeasible infeasible
23 Vulcain_LH2 1T 1976 infeasible infeasible
24 Vulcain_LH2 1T 2068 infeasible infeasible
25 Vulcain_LH2 1T 2250 infeasible infeasible
26 Vulcain_RP1 1T 1485 infeasible infeasible
27 Vulcain RP1_1T 1870 328.45 326.14
28 Vulcain RP1_1T 1976 328.45 326.14
29 Vulcain RP1_1T 2068 328.45 326.14
30 Vulcain RP1_1T 2250 328.45 326.14
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 353.74 infeasible
34 Vulcain_CH4 1T 2068 359.07 353.03
35 Vulcain_CH4 1T 2250 360.48 356.87
36 Vulcain_C3H8_1T 1485 infeasible infeasible
37 Vulcain_C3H8_1T 1870 340.40 infeasible
38 Vulcain_C3H8_1T 1976 346.92 341.09
39 Vulcain_C3H8_1T 2068 347.42 344.32
40 Vulcain_C3H8_1T 2250 347.43 344.33
41 SSME 1485 infeasible infeasible
42 SSME 1870 infeasible infeasible
43 SSME 1976 infeasible infeasible
44 SSME 2068 infeasible infeasible
45 SSME 2250 infeasible infeasible
46 Vulcain_LH2 _NBP 1485 infeasible infeasible
47 Vulcain_LH2_NBP 1870 infeasible infeasible
48 Vulcain_LH2_NBP 1976 infeasible infeasible
49 Vulcain_LH2 NBP 2068 infeasible infeasible
50 Vulcain_LH2 NBP 2250 infeasible infeasible
51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 328.97 326.67
53 Vulcain_RP1_NBP 1976 328.98 326.67
54 Vulcain_RP1_NBP 2068 328.98 326.67
55 Vulcain_RP1_NBP 2250 328.98 326.67
56 Vulcain_CH4_NBP 1485 infeasible infeasible
57 Vulcain_CH4_NBP 1870 infeasible infeasible
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Table 101: Resultsfor Final Application - Case 3 (Continued)

Discrete Maximum Allowable

; . . Solution of Lower Solution of True
Cc\)/n?lgli ﬂglt?on Engine Cycle ngzlrg?ulrn;?R) Bounding Space Continuous Space
58 Vulcain_CH4_NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 357.95 352.38
60 Vulcain_CH4_NBP 2250 361.92 357.49
61 Vulcain_C3H8_NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8 NBP 1976 346.29 340.43
64 Vulcain_C3H8 NBP 2068 348.93 344.69
65 Vulcain_C3H8 NBP 2250 348.93 345.84
66 Vulcain_LH2 1T NBP 1485 infeasible infeasible
67 Vulcain_LH2_1T_NBP 1870 448.27 infeasible
68 Vulcain_ LH2 1T NBP 1976 448.27 infeasible
69 Vulcain_ LH2 1T NBP 2068 448.27 infeasible
70 Vulcain_LH2 1T NBP 2250 448.27 infeasible
71 Vulcain_RP1 1T _NBP 1485 infeasible infeasible
72 Vulcain_RP1_1T_NBP 1870 325.00 322.73
73 Vulcain_RP1_1T_NBP 1976 325.00 322.73
74 Vulcain_RP1_1T_NBP 2068 325.00 322.73
75 Vulcain_RP1_1T_NBP 2250 325.00 322.73
76 Vulcain_CH4_1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4 _1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4_1T_NBP 1976 350.89 infeasible
79 Vulcain_CH4_1T_NBP 2068 355.96 349.97
80 Vulcain_CH4_1T_NBP 2250 357.64 354.12
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8 1T_NBP 1870 337.70 333.38
83 Vulcain_C3H8 1T_NBP 1976 344.06 338.31
84 Vulcain_C3H8 1T_NBP 2068 344.56 341.55
85 Vulcain_C3H8 1T _NBP 2250 344.56 341.55
86 SSME_1PB_1T 1485 infeasible infeasible
8 SSME_1PB_1T 1870 infeasible infeasible
88 i SSME_1PB_1T 1976 466.03 461.02
89 SSME_1PB_1T 2068 466.03 461.69
' SSME_1PB_1T 2250 466.03 461.69
91 RD180_RP1 1485 367.28 355.26
92 RD180_RP1 1870 368.54 362.61
93 RD180_RP1 1976 368.54 362.65
94 RD180_RP1 2068 368.54 362.65
95 RD180_RP1 2250 368.54 362.65
96 RD180_CH4 1485 376.35 371.66
97 RD180_CH4 1870 380.83 376.91
98 RD180_CH4 1976 380.83 376.91
99 RD180_CH4 2068 380.83 376.91
100 RD180_CH4 2250 380.83 376.91
101 RD180_C3H8 1485 366.45 362.53
102 RD180_C3H8 1870 370.03 367.26
103 RD180_C3H8 1976 370.03 367.26
104 RD180_C3H8 2068 370.03 367.26
105 RD180_C3H8 2250 370.03 367.26
106 RLX 1485 infeasible infeasible
107 RLX 1870 infeasible infeasible
108 RLX 1976 infeasible infeasible
109 RLX 2068 infeasible infeasible
110 RLX 2250 infeasible infeasible
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Table 102: Resultsfor Final Application - Case 4

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)

1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 infeasible infeasible
5 Vulcain_LH2 2250 infeasible infeasible
6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 308.38 302.24

8 Vulcain_RP1 1976 infeasible infeasible
9 Vulcain_RP1 2068 infeasible infeasible
10 Vulcain_RP1 2250 infeasible infeasible
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 infeasible infeasible
15 Vulcain_CH4 2250 infeasible infeasible
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 infeasible infeasible
19 Vulcain_C3H8 2068 infeasible infeasible
20 Vulcain_C3H8 2250 infeasible infeasible
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain_LH2 1T 1870 infeasible infeasible
23 Vulcain_LH2 1T 1976 infeasible infeasible
24 Vulcain_LH2 1T 2068 infeasible infeasible
25 Vulcain_LH2 1T 2250 infeasible infeasible
26 Vulcain_ RP1 1T 1485 infeasible infeasible
27 Vulcain RP1_1T 1870 318.51 314.24

28 Vulcain_ RP1 1T 1976 infeasible infeasible
29 Vulcain_RP1 1T 2068 infeasible infeasible
30 Vulcain_RP1_1T 2250 infeasible infeasible
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 infeasible infeasible
34 Vulcain_CH4 1T 2068 infeasible infeasible
35 Vulcain_CH4 1T 2250 infeasible infeasible
36 Vulcain_C3H8_1T 1485 infeasible infeasible
37 Vulcain_C3H8 1T 1870 infeasible infeasible
38 Vulcain_C3H8 1T 1976 infeasible infeasible
39 Vulcain_C3H8_1T 2068 infeasible infeasible
40 Vulcain_C3H8 1T 2250 infeasible infeasible
41 SSME 1485 infeasible infeasible
42 SSME 1870 infeasible infeasible
43 SSME 1976 infeasible infeasible
44 SSME 2068 infeasible infeasible
45 SSME 2250 infeasible infeasible
46 Vulcain_LH2_NBP 1485 infeasible infeasible
47 Vulcain_LH2_NBP 1870 infeasible infeasible
48 Vulcain_LH2_NBP 1976 infeasible infeasible
49 Vulcain_LH2 NBP 2068 infeasible infeasible
50 Vulcain_LH2 NBP 2250 infeasible infeasible
51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 317.35 313.14

53 Vulcain_RP1_NBP 1976 infeasible infeasible
54 Vulcain_RP1_NBP 2068 infeasible infeasible
55 Vulcain_RP1_NBP 2250 infeasible infeasible
56 Vulcain_CH4_NBP 1485 infeasible infeasible
57 Vulcain_CH4_NBP 1870 infeasible infeasible
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Table 102: Resultsfor Final Application - Case 4 (Continued)

Discrete Maximum Allowable

; . . Solution of Lower Solution of True
Cc\)/n?lgli ﬂglt?on Engine Cycle ngzlrg?ulrn;?R) Bounding Space Continuous Space
58 Vulcain_CH4_NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 infeasible infeasible
60 Vulcain_CH4_NBP 2250 infeasible infeasible
61 Vulcain_C3H8_NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8_NBP 1976 infeasible infeasible
64 Vulcain_C3H8 _NBP 2068 infeasible infeasible
65 Vulcain_C3H8 _NBP 2250 infeasible infeasible
66 Vulcain_LH2 1T NBP 1485 infeasible infeasible
67 Vulcain_LH2 1T NBP 1870 infeasible infeasible
68 Vulcain_LH2 1T NBP 1976 infeasible infeasible
69 Vulcain_LH2 1T NBP 2068 infeasible infeasible
70 Vulcain_LH2 1T NBP 2250 infeasible infeasible
71 Vulcain_RP1 1T _NBP 1485 infeasible infeasible
72 Vulcain_RP1_1T_NBP 1870 320.74 314.77
73 Vulcain_RP1 1T_NBP 1976 infeasible infeasible
74 Vulcain_RP1 1T_NBP 2068 infeasible infeasible
75 Vulcain_RP1 1T_NBP 2250 infeasible infeasible
76 Vulcain_CH4_1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4 _1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4 _1T_NBP 1976 infeasible infeasible
79 Vulcain_CH4 _1T_NBP 2068 infeasible infeasible
80 Vulcain_CH4 _1T_NBP 2250 infeasible infeasible
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8_1T_NBP 1870 infeasible infeasible
83 Vulcain_C3H8_1T_NBP 1976 infeasible infeasible
84 Vulcain_C3H8_1T_NBP 2068 infeasible infeasible
85 Vulcain_C3H8 1T _NBP 2250 infeasible infeasible
86 SSME_1PB_1T 1485 infeasible infeasible
87 SSME_1PB_1T 1870 infeasible infeasible
88 SSME_1PB_1T 1976 infeasible infeasible
89 SSME_1PB_1T 2068 infeasible infeasible
20 SSME_1PB_1T 2250 infeasible infeasible
91 RD180_RP1 1485 367.28 355.26
92 RD180_RP1 1870 368.40 358.99
93 RD180_RP1 1976 infeasible infeasible
94 RD180_RP1 2068 infeasible infeasible
95 RD180 RP1 2250 infeasible infeasible
96 RD180 CH4 1485 376.36 371.64
97 RD180_CH4 1870 infeasible infeasible
98 RD180_CH4 1976 infeasible infeasible
99 RD180_CH4 2068 infeasible infeasible
100 RD180_CH4 2250 infeasible infeasible
101 RD180_C3H8 1485 366.34 361.70
102 RD180_C3H8 1870 infeasible infeasible
103 RD180_C3H8 1976 infeasible infeasible
104 RD180_C3H8 2068 infeasible infeasible
105 RD180_C3H8 2250 infeasible infeasible
106 RLX 1485 infeasible infeasible
107 RLX 1870 infeasible infeasible
108 RLX 1976 infeasible infeasible
109 RLX 2068 infeasible infeasible
110 RLX 2250 infeasible infeasible
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Table 103: Resultsfor Final Application - Case 5

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)
1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 infeasible infeasible
5 Vulcain_LH2 2250 infeasible infeasible
6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 infeasible infeasible
8 Vulcain_RP1 1976 infeasible infeasible
9 Vulcain_RP1 2068 infeasible infeasible
10 Vulcain_RP1 2250 infeasible infeasible
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 infeasible infeasible
15 Vulcain_CH4 2250 infeasible infeasible
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 infeasible infeasible
19 Vulcain_C3H8 2068 infeasible infeasible
20 Vulcain_C3H8 2250 infeasible infeasible
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain_LH2 1T 1870 infeasible infeasible
23 Vulcain_LH2 1T 1976 infeasible infeasible
24 Vulcain_LH2 1T 2068 infeasible infeasible
25 Vulcain_LH2 1T 2250 infeasible infeasible
26 Vulcain_ RP1 1T 1485 infeasible infeasible
27 Vulcain_ RP1 1T 1870 infeasible infeasible
28 Vulcain_ RP1 1T 1976 infeasible infeasible
29 Vulcain_RP1_1T 2068 infeasible infeasible
30 Vulcain_RP1 1T 2250 infeasible infeasible
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 infeasible infeasible
34 Vulcain_CH4 1T 2068 infeasible infeasible
35 Vulcain_CH4 1T 2250 infeasible infeasible
36 Vulcain_C3H8_1T 1485 infeasible infeasible
37 Vulcain_C3H8 1T 1870 infeasible infeasible
38 Vulcain_C3H8 1T 1976 infeasible infeasible
39 Vulcain_C3H8 1T 2068 infeasible infeasible
40 Vulcain_C3H8 1T 2250 infeasible infeasible
41 SSME 1485 infeasible infeasible
42 SSME 1870 infeasible infeasible
43 SSME 1976 infeasible infeasible
44 SSME 2068 infeasible infeasible
45 SSME 2250 infeasible infeasible
46 Vulcain_LH2_NBP 1485 infeasible infeasible
47 Vulcain_LH2_NBP 1870 infeasible infeasible
48 Vulcain_LH2_NBP 1976 infeasible infeasible
49 Vulcain_LH2 NBP 2068 infeasible infeasible
50 Vulcain_LH2 NBP 2250 infeasible infeasible
51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 infeasible infeasible
53 Vulcain_RP1_NBP 1976 infeasible infeasible
54 Vulcain_RP1_NBP 2068 infeasible infeasible
55 Vulcain_RP1_NBP 2250 infeasible infeasible
56 Vulcain_CH4_NBP 1485 infeasible infeasible
57 Vulcain_CH4 _NBP 1870 infeasible infeasible
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Table 103: Resultsfor Final Application - Case 5 (Continued)

Discrete Maximum Allowable

; . ] Solution of Lower Solution of True
Cc\)/n?lgli ﬂglt?on Engine Cycle ngzlrg?ulrn;?R) Bounding Space Continuous Space
58 Vulcain_CH4_NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 infeasible infeasible
60 Vulcain_CH4_NBP 2250 infeasible infeasible
61 Vulcain_C3H8 _NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8_NBP 1976 infeasible infeasible
64 Vulcain_C3H8 _NBP 2068 infeasible infeasible
65 Vulcain_C3H8 _NBP 2250 infeasible infeasible
66 Vulcain_LH2 1T NBP 1485 infeasible infeasible
67 Vulcain_LH2 1T NBP 1870 infeasible infeasible
68 Vulcain_LH2 1T NBP 1976 infeasible infeasible
69 Vulcain_LH2 1T NBP 2068 infeasible infeasible
70 Vulcain_LH2 1T NBP 2250 infeasible infeasible
71 Vulcain_RP1 1T _NBP 1485 infeasible infeasible
72 Vulcain_RP1_1T_NBP 1870 295.63 infeasible
73 Vulcain_RP1 1T_NBP 1976 infeasible infeasible
74 Vulcain_RP1 1T_NBP 2068 infeasible infeasible
75 Vulcain_RP1 1T_NBP 2250 infeasible infeasible
76 Vulcain_CH4_1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4_1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4 _1T_NBP 1976 infeasible infeasible
79 Vulcain_CH4 _1T_NBP 2068 infeasible infeasible
80 Vulcain_CH4 _1T_NBP 2250 infeasible infeasible
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8_1T_NBP 1870 infeasible infeasible
83 Vulcain_C3H8_1T_NBP 1976 infeasible infeasible
84 Vulcain_C3H8_1T_NBP 2068 infeasible infeasible
85 Vulcain_C3H8 1T _NBP 2250 infeasible infeasible
86 SSME_1PB_1T 1485 infeasible infeasible
87 SSME_1PB_1T 1870 infeasible infeasible
88 SSME_1PB_1T 1976 infeasible infeasible
89 SSME_1PB_1T 2068 infeasible infeasible
90 SSME_1PB 1T 2250 infeasible infeasible
91 RD180 RP1 1485 367.27 355.18
92 RD180_RP1 1870 infeasible infeasible
93 RD180_RP1 1976 infeasible infeasible
94 RD180_RP1 2068 infeasible infeasible
95 RD180_RP1 2250 infeasible infeasible
96 RD180_CH4 1485 354.80 infeasible
97 RD180_CH4 1870 infeasible infeasible
98 RD180_CH4 1976 infeasible infeasible
99 RD180_CH4 2068 infeasible infeasible
100 RD180_CH4 2250 infeasible infeasible
101 RD180_C3H8 1485 infeasible infeasible
102 RD180_C3H8 1870 infeasible infeasible
103 RD180_C3H8 1976 infeasible infeasible
104 RD180_C3H8 2068 infeasible infeasible
105 RD180_C3H8 2250 infeasible infeasible
106 RLX 1485 infeasible infeasible
107 RLX 1870 infeasible infeasible
108 RLX 1976 infeasible infeasible
109 RLX 2068 infeasible infeasible
110 RLX 2250 infeasible infeasible
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Table 104: Resultsfor Final Application - Case 6

Discrete Maximum Allowable Solution of Lower Solution of True
Variable Engine Cycle Turbine Inlet Bounding Space Continuous Space
Combination Temperature (R)

1 Vulcain_LH2 1485 infeasible infeasible
2 Vulcain_LH2 1870 infeasible infeasible
3 Vulcain_LH2 1976 infeasible infeasible
4 Vulcain_LH2 2068 814.60 821.28

5 Vulcain_LH2 2250 849.90 859.98

6 Vulcain_RP1 1485 infeasible infeasible
7 Vulcain_RP1 1870 infeasible infeasible
8 Vulcain_RP1 1976 infeasible infeasible
9 Vulcain_RP1 2068 infeasible infeasible
10 Vulcain_RP1 2250 infeasible infeasible
11 Vulcain_CH4 1485 infeasible infeasible
12 Vulcain_CH4 1870 infeasible infeasible
13 Vulcain_CH4 1976 infeasible infeasible
14 Vulcain_CH4 2068 infeasible infeasible
15 Vulcain_CH4 2250 infeasible infeasible
16 Vulcain_C3H8 1485 infeasible infeasible
17 Vulcain_C3H8 1870 infeasible infeasible
18 Vulcain_C3H8 1976 infeasible infeasible
19 Vulcain_C3H8 2068 infeasible infeasible
20 Vulcain_C3H8 2250 infeasible infeasible
21 Vulcain_LH2 1T 1485 infeasible infeasible
22 Vulcain LH2_1T 1870 733.94 737.63

23 Vulcain LH2_1T 1976 771.59 776.34

24 Vulcain LH2_1T 2068 810.27 815.16

25 Vulcain LH2_1T 2250 848.77 853.97

26 Vulcain_ RP1 1T 1485 infeasible infeasible
27 Vulcain_RP1 1T 1870 infeasible infeasible
28 Vulcain_RP1 1T 1976 infeasible infeasible
29 Vulcain_RP1 1T 2068 infeasible infeasible
30 Vulcain_RP1 1T 2250 infeasible infeasible
31 Vulcain_CH4 1T 1485 infeasible infeasible
32 Vulcain_CH4 1T 1870 infeasible infeasible
33 Vulcain_CH4 1T 1976 infeasible infeasible
34 Vulcain_CH4 1T 2068 infeasible infeasible
35 Vulcain_CH4 1T 2250 infeasible infeasible
36 Vulcain_C3H8_1T 1485 infeasible infeasible
37 Vulcain_C3H8_1T 1870 infeasible infeasible
38 Vulcain_C3H8 1T 1976 infeasible infeasible
39 Vulcain_C3H8 1T 2068 infeasible infeasible
40 Vulcain_C3H8 1T 2250 infeasible infeasible
41 SSME 1485 infeasible infeasible
42 SSME 1870 infeasible infeasible
43 SSME 1976 821.04 825.81

44 SSME 2068 860.60 867.35

45 SSME 2250 901.47 908.66

46 Vulcain_LH2 _NBP 1485 infeasible infeasible
47 Vulcain_LH2 _NBP 1870 infeasible infeasible
48 Vulcain_ LH2 NBP 1976 769.41 772.93

49 Vulcain_LH2 NBP 2068 807.16 811.93

50 Vulcain_LH2 NBP 2250 844.99 850.18

51 Vulcain_RP1_NBP 1485 infeasible infeasible
52 Vulcain_RP1_NBP 1870 infeasible infeasible
53 Vulcain_RP1_NBP 1976 infeasible infeasible
54 Vulcain_RP1_NBP 2068 infeasible infeasible
55 Vulcain_RP1_NBP 2250 infeasible infeasible
56 Vulcain_CH4_NBP 1485 infeasible infeasible
57 Vulcain_CH4_NBP 1870 infeasible infeasible
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Table 104: Resultsfor Final Application - Case 6 (Continued)

Discrete Maximum Allowable

; . . Solution of Lower Solution of True
Cc\)/n?lgli ﬂglt?on Engine Cycle ngzlrg?ulrn;?R) Bounding Space Continuous Space

58 Vulcain_CH4_NBP 1976 infeasible infeasible
59 Vulcain_CH4_NBP 2068 infeasible infeasible
60 Vulcain_CH4_NBP 2250 infeasible infeasible
61 Vulcain_C3H8_NBP 1485 infeasible infeasible
62 Vulcain_C3H8_NBP 1870 infeasible infeasible
63 Vulcain_C3H8 _NBP 1976 infeasible infeasible
64 Vulcain_C3H8 _NBP 2068 infeasible infeasible
65 Vulcain_C3H8 _NBP 2250 infeasible infeasible
66 Vulcain LH2 1T NBP 1485 infeasible infeasible
67 Vulcain LH2_ 1T _NBP 1870 723.27 729.46
68 Vulcain_LH2 1T NBP 1976 760.67 767.56
69 Vulcain_LH2 1T NBP 2068 798.17 805.93
70 Vulcain_LH2 1T NBP 2250 836.18 844.31
71 Vulcain_RP1_1T_NBP 1485 infeasible infeasible
72 Vulcain_RP1 1T _NBP 1870 infeasible infeasible
73 Vulcain_RP1 1T _NBP 1976 infeasible infeasible
74 Vulcain_RP1 1T _NBP 2068 infeasible infeasible
75 Vulcain_RP1 1T _NBP 2250 infeasible infeasible
76 Vulcain_CH4 _1T_NBP 1485 infeasible infeasible
77 Vulcain_CH4 _1T_NBP 1870 infeasible infeasible
78 Vulcain_CH4 _1T_NBP 1976 infeasible infeasible
79 Vulcain_CH4 1T _NBP 2068 infeasible infeasible
80 Vulcain_CH4_1T_NBP 2250 infeasible infeasible
81 Vulcain_C3H8_1T_NBP 1485 infeasible infeasible
82 Vulcain_C3H8_1T_NBP 1870 infeasible infeasible
83 Vulcain_C3H8 1T _NBP 1976 infeasible infeasible
84 Vulcain_C3H8 1T _NBP 2068 infeasible infeasible
85 Vulcain_C3H8 1T _NBP 2250 infeasible infeasible
86 SSME_1PB_1T 1485 infeasible infeasible
87 SSME_1PB_1T 1870 infeasible infeasible
88 SSME_1PB_1T 1976 787.30 790.51
89 SSME_1PB_1T 2068 825.36 830.12
90 SSME_1PB_1T 2250 863.98 869.72
91 RD180_RP1 1485 infeasible infeasible
92 RD180_RP1 1870 infeasible infeasible
93 RD180_RP1 1976 infeasible infeasible
94 RD180_RP1 2068 infeasible infeasible
95 RD180_RP1 2250 infeasible infeasible
96 RD180_CH4 1485 infeasible infeasible
97 RD180_CH4 1870 infeasible infeasible
98 RD180_CH4 1976 infeasible infeasible
99 RD180_CH4 2068 infeasible infeasible
100 RD180_CH4 2250 infeasible infeasible
101 RD180_C3H8 1485 infeasible infeasible
102 RD180_C3H8 1870 infeasible infeasible
103 RD180_C3H8 1976 infeasible infeasible
104 RD180_C3H8 2068 infeasible infeasible
105 RD180_C3H8 2250 infeasible infeasible
106 RLX 1485 infeasible infeasible
107 RLX 1870 infeasible infeasible
108 RLX 1976 infeasible infeasible
109 RLX 2068 infeasible infeasible
110 RLX 2250 infeasible infeasible
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